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Abstract. A holographic projection system based on the encoding of computer-generated holograms
onto a spatial light modulator is discussed. We show how the size, location, and polarization state of
the output can be controlled completely electronically, without physically moving any element in
the system. It is finally shown that the system is capable to produce optical logical operations by
superimposing two different images encoded onto orthogonal polarization states. We show how
these images can be added or subtracted, giving a polarization-based logic system. Experimental
results are included in all cases.
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1. Introduction
As the resolution of spatial light modulators (SLMs) improves, the capability for encoding computergenerated holograms becomes more practical. Holographic laser projection [1] is one of the multiple
applications that will benefit from the development of newer high resolution SLMs since they will provide
higher quality image reconstruction. In this technique, a phase-only Fourier transform computer-generated
hologram is computed and displayed onto a SLM. The hologram output reconstruction is recovered by
optically Fourier transforming the field. A number of works have exploited this approach in combination
with the use of three different wavelengths, to provide a large color range in comparison to conventional
projectors [2-4].
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A requirement usually demanded in projection systems is the capability to focus the image in different
planes and with different sizes. For that reason, holographic projector systems incorporate zoom lenses.
These can be made with tunable lenses to provide automatic zoom and provide different magnifications
without moving elements [5-7], or by using scaled Fresnel transforms as reported in [8].
Another important issue is the control of the state of polarization. For instance, in many 3D applications,
the generation of images having different polarizations would be important when using special viewing
glasses where each eye detects a different polarization state [9].
In this work, we discuss ways of encoding the Fourier transform of a desired output, the Fourier
transform lens, and the output polarization state onto a single SLM. This way we are able to generate a
holographic projection system where the state of polarization, and the focusing plane can be controlled at
will from the computer, without any moving elements. The two key advances that allow us to achieve such
type of control are: 1) an optical system that uses a double pass through a parallel aligned SLM to
independently phase-modulate two orthogonal polarization components [10,11] and, 2) a Fourier transform
algorithm useful for the fast calculation of diffraction patterns to be displayed onto SLMs [12]. Fresnel
diffraction calculations have been applied to design precise computer-generated holograms to be displayed
in SLMs [13]. We have previously used the fast calculation of Fresnel diffracted patterns to implement a
virtual propagation system [14], where we could experimentally observe the propagation of a light beam
without requiring any moving element. Here we extend this approach to achieve automatic control of the
focusing plane of the holographic display system without requiring zoom lenses. Then we combine the
polarization control to achieve a reconstruction image with controlled state of polarization. Finally, we
show polarization-based logic operations based on the subtraction or addition of two polarization images.

2. Review of lens-encoded patterns
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Let us begin with a brief review of computer-generated holograms. We use a one-dimensional notation
for convenience and consider an input function 𝑔(𝑥). Using a computer system, the inverse Fourier
transform of this function can be formed as
𝐺(𝜉) = ℱ )* {𝑔(𝑥)}.

(1)

Here 𝜉 denotes the spatial frequency. A phase-only function 𝐺(𝜉) is desirable since it can be directly
encoded by the display when the input polarization is linear and parallel to the LC director. However, 𝐺(𝜉)
in Eq. (1) is not in general a phase-only function. It is well-known that keeping only the phase of the Fourier
transform of the image and discarding the magnitude results in an edge-enhancement effect [15]. Different
techniques exist to avoid this effect. One simple method consists in multiplying the input object to be
reconstructed by a random phase pattern [16]. Other techniques involve the use of iterative Fourier
transform algorithms [17]. In these cases, the resulting function 𝐺(𝜉) to be displayed onto the SLM is a
phase-only function that reconstructs the desired pattern. However, note that, if required, amplitude and
phase can be combined onto a single phase-only SLM using encoding techniques [18,19]. For simplicity,
we assume here that 𝐺(𝜉) is already a phase-only function that can be directly encoded onto the SLM. We
achieve this situation simply by selecting input objects that already consist in edges, as it will be shown next
in the experiments.
There are two experimental ways of taking the Fourier transform of this function in order to obtain the
original input function. One standard way is to place a converging external lens after the SLM. Assuming
the lens is placed right behind the SLM and has a focal length 𝐹* , its corresponding quadratic phase function
is represented as 𝑍 ∗ {𝜉, 𝐹* } = exp{−𝑖𝜋𝜉 7 /𝜆𝐹* }. The Fourier transform of the function ℱ {𝐺(𝜉)} = 𝑔(𝑥)
is formed in the focal plane of the lens. However, the size of the image is also controlled by the focal length
𝐹* of the lens. So, the size and location of the Fourier transform are determined by the external lens function.
Note that 𝜉 represents the spatial frequency of the function 𝑔(𝑥). Thus, when 𝐺 (𝜉 ) is displayed onto an
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SLM with 𝑁 × 𝑁 pixels and a pixel size of Δ, the scale of the reconstruction is given proportional to
𝜆𝐹* /𝑁Δ.
In the second and more versatile approach, the lens function can also be encoded onto the SLM. Here,
the pattern encoded onto the SLM consists of the product of the inverse Fourier transform function with the
converging lens function as [20]:
𝐻(𝜉) = 𝑍 ∗ (𝜉, 𝐹* )𝐺(𝜉) = 𝑍 ∗ (𝜉, 𝐹* )ℱ )* {𝑔(𝑥)}.

(2)

These are called Fourier lens encoded patterns. Note that the pixelated structure of the SLM imposes a limit
to the shortest focal length that can be properly displayed in the SLM. This is known as the Nyquist focal
length and it is given by 𝐹> = 𝑁∆7 /𝜆 [21], and a recent review of its implications in a zoom lens system
was presented in [7]. As before, both the size and location of the output function are determined by the focal
length 𝐹* of the lens. Therefore, if we change the output size, the location where the hologram
reconstruction appears also changes.
In a previous work [14], we were able to virtually move the focal plane by forming the Fresnel
diffraction of the pattern in Eq. (2). As before, the size of the output will be determined by the focal length
of the Fourier transform lens. However, now we can translate the location of the image by a distance 𝑑. To
accomplish this, the angular spectrum method is applied [22]. In this algorithm, we take the Fourier
transform of the function 𝐻(𝜉) in Eq. (2). Next, we multiply this Fourier transform by a converging lens
function whose focal length depends on the propagation distance 𝑑, by which we will translate the image
location from the original focal point. Finally, we take the inverse Fourier transform of this product. This
operation can be written (using the notation in Eq. (2)) as
𝐽(𝜉) = ℱ )* {𝑍 ∗ (𝜉, 𝐹7 (𝑑))ℱ[𝐻(𝜉)]}.
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(3)

Here, the function 𝑍 ∗ (𝜉, 𝐹7 (𝑑)) is a converging lens function whose focal length is given by 𝐹7 =
𝑓 7 /𝑑 where 𝑓 = 𝑁Δ7 /𝜆 is the Nyquist focal length for the Fourier transform performed by the computer,
𝑁 is the array size, and Δ is the pixel size corresponding to the SLM.
The function 𝐽(𝜉) thus represents the pattern 𝐻(𝜉) propagated a distance 𝑑 from its original location.
Therefore, when 𝐽(𝜉) is displayed onto the SLM, which is kept fixed on in its original position, the result
is equivalent to virtually placing the function 𝐻(𝜉) a distance 𝑑 from the SLM. Note that, in general, the
function 𝐽(𝜉) is not a phase-only function. However, as we show next, displaying only the phase of this
function reproduced very well the expected result with the fully complex function.
Therefore, in this case, the original output function that was formed at a distance 𝐹* from the SLM can
be shifted to a new distance given by 𝐹* − 𝑑, without physically moving any element in the system. The
virtual location of the hologram has been displaced a distance 𝑑 from the SLM. But the scale of the Fourier
transform is kept fixed, determined by the value of 𝐹* . Thus, the flexibility of the proposed system includes
changing the focal plane, while keeping constant the size of the hologram reconstruction. For computational
purposes, this algorithm is much faster than the Fresnel diffraction algorithm because Eq. (3) involves two
fast Fourier transform operations [12].
In this work, we present an additional advance of this capability where the polarization state of the output
can be controlled. Next, we review our experimental system that allows such polarization control.

3. Generation of computer-generated holograms with designed polarization states
In order to generate an output with a desired polarization state, we use our single SLM system that has been
reported previously [10,11] and shown in Fig. 1. We use a transmissive parallel-aligned liquid crystal (LC)
SLM manufactured by Seiko Epson with 640x480 pixels having dimensions of D=42 µm. The phase shift
of each pixel is controlled over 2p radians at the Argon laser wavelength of 514.5 nm. The LC director is
5

oriented vertically, and therefore the linear vertical polarization component is phase modulated, while the
horizontal component is unaffected. The input to the system is selected linearly polarized oriented at 45
degrees to the LCSLM director axis.
The LCSLM screen is divided in two halves, where two different phase patterns are addressed, each
with a radius of 𝑁 = 120 pixels, as shown in Fig. 1. The initial beam has vertical and horizontal
polarization components A and B as shown in the figure. This beam illuminates the left half part of the
screen where a first pattern 𝐺H (𝜉), calculated following Eq. (1) is encoded. After the beam is transmitted,
the output now consists of electric field components 𝐴′ and 𝐵 where the desired pattern is encoded onto the
vertical polarization component (𝐴′). The horizontal component (𝐵) is perpendicular to the LC director axis
and is unaffected.
Then, by means of a lens (L2) and a mirror (R), the beam is reflected back to the right part of the LCSLM.
The initially vertical and horizontal linearly polarization components are reversed by the insertion of the
quarter-wave plate (QWP), oriented at 45 degrees with respect to the LC director axis. Now the horizontal
linear polarization component (B), which was not affected by the LCSLM in the initial passage, becomes
vertically polarized on the beam illuminating the right side of the LCSLM and will be modulated by the
second phase pattern 𝐺K (𝜉) encoded on this side of the display. After the beam is transmitted, the output
now consists of the desired electric field components B’ and A’ where both electric field components are
now modulated with independent phase-only computer-generated holograms.
Note that the focusing lens and mirror in Fig. 1 comprise a 4f imaging system. Thus, the pattern 𝐺H (𝜉)
is imaged with unit magnification onto the pattern 𝐺K (𝜉), but the initial vertical polarization is converted
into the horizontal polarization (and vice versa). As a result, the left side of the SLM encodes one
component of the desired output Jones vector 𝐕(𝜉), while the right side encodes the other component, i.e.,
𝐕(𝜉) = M

𝐺H (𝜉)
N.
𝐺K (𝜉)
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(4)

The output beam is directed towards the detector using a non-polarizing beam splitter (NPBS). A
polarization analyzer is placed before the detector to verify the polarization properties of the hologram
reconstruction.
A physical lens (L3 in Fig. 1) could be used to obtain the output at the detector, following the first
approach previously described in Eq. (1). Alternatively, the lens can be encoded also in the holograms, as
the second approach previously mentioned in Eq. (2). Finally, the focusing plane can be shifted
longitudinally by applying the propagation algorithm described in Eq. (3).
Next, we provide different experiments demonstrating these possibilities.

4. Experimental results
4.1 Control of the focus plane
In the first experiment, we started with a small smiley face pattern located on the left half of the input screen.
We formed the inverse Fourier transform of this and encoded a lens function having a focal length of 𝐹* =
50 cm, to generate a first hologram 𝐻H (𝜉) (Eq. (2)) to be displayed on the left part of the SLM screen. We
then used the same smiley face pattern located on the right half of the input screen. We again formed the
inverse Fourier transform, but now encoded a lens function having a focal length of 𝐹* = 75cm, to generate
the second hologram 𝐻K (𝜉) to be displayed on the right part of the SLM screen. We then added the two
holograms onto a single pattern that is displayed onto the LCSLM. As mentioned before, the input polarizer
is selected at 45º, and therefore the two polarization components, vertical and horizontal, have the same
weight, and both patterns are visible. We note that the analyzer is not included in Fig. 1, since here we do
not care about the polarization state of the reconstruction.
Figure 2(a) shows the output captured using a camera located a distance of 50 cm from the LCSLM and
the smaller smiley face on the left side is focused, while the right pattern is out of focus. We then moved
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the camera to a distance of 75 cm. Figure 2(b) shows that now the pattern on the right is in focus, while the
pattern on the left one is out of focus. Note how the pattern focused in Fig. 2(b) is larger than the pattern
focused in Fig. 2(a), by a factor 1.5 corresponding to the ratio 75/50 of the corresponding focal lengths.
Next, we applied the Fresnel diffraction procedure to calculate a new hologram 𝐽H (𝜉) according to Eq.
(3), again with the smaller smiley face pattern and with the same value 𝐹* = 50 cm but shifted by 𝑑 = 25
cm. This new hologram 𝐽H (𝜉) is combined with the previous 𝐻K (𝜉). Figure 2(c) is the result when the
detector is still located a distance of 75 cm from the LCSLM. But now it shows the two patterns in focus.
Note that while the location of the smaller smiley face pattern has changed, its size is unchanged.

4.2 Control of the size of the reconstruction
As a second example, we further demonstrate the capability to change the scale without changing
the focusing plane. We exploit the above described virtual propagation technique, i.e., no zoom
lens is required. The change of the scale of the hologram reconstruction is achieved by changing
the focal length 𝐹* of the Fourier lens encoded on the hologram. But then, the output is placed back
into focus in the same original plane by virtually propagating the location of the hologram a
distance equivalent to the difference in focal length with respect to the original case.
This is shown in the experimental result in Fig. 3. Here the two patterns displayed on each
side of the SLM encode the same hologram, so a single reconstruction is obtained. We select the
detector placed at a fixed distance of 70 cm from the LCSLM. However, we use three different
focal lengths for the encoded Fourier lens, of 𝐹* = 90 cm, 𝐹* = 70 cm, and 𝐹* = 50 cm, respectively
in Fig. 3(a), 3(b) and 3(c). Obviously, the output pattern in Fig. 3(b) appears in focus. In order to
obtain also focused outputs in Figs. 3(a) and 3(c), it is required to add a virtual Fresnel propagation
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of 𝑑 = −20 cm in Fig. 3(a) and of 𝑑 = +20 cm in Fig. 3(c). Note that the virtual propagation can
be of positive or negative distances, as already demonstrated in [14].
The three output reconstructions in Fig. 3 show a different scale due to the different encoded
focal length 𝐹* (the Fresnel propagation does not change the scaling). This approach is therefore
completely different to the change in scale achieved by using zoom lenses, as in [5,6].
4.3 Control of the state of polarization
In these previous experiments, we did not place the analyzer shown in Fig. 1, since the polarization state
was not a concern. Next, we explore the polarization capabilities of the system.
We again generate two copies of the hologram used in Fig. 3(b), so we simply apply the same pattern
to the left and right halves of the LCSLM. This results in an output that is linearly polarized at 45 degrees.
Experimental results are shown in Fig. 4(a). The case on the left shows the case without a polarization
analyzer. The state of polarization becomes evident when we place six different polarization analyzers – a
linear polarizer analyzer oriented at 0, 45, 90, and 135 degrees and both left and right circular analyzers
(LCP and RCP). We see that when the linear analyzer is oriented at -45 degrees, the hologram
reconstruction is cancelled, indicating that the output is linearly polarized at +45 degrees. For all other
analyzers, the full output reconstruction is retrieved.
However, when a phase shift of π/2 is applied to the pattern on the right side (by uniformly adding the
corresponding gray level to this side of the SLM), this results in a circularly polarized output, as shown in
Fig. 4(b). Now we observe that the output disappears for the RCP analyzer, while it is fully transmitted for
the LCP analyzer. For all linear polarizers the output is visible. This confirms that the hologram
reconstruction is right circularly polarized, and confirms the polarization control.

5. Polarization logic
9

Finally, as a result demonstrating the potential of this system, an example of polarization-based logic
operations is shown. We calculate two holograms from two smiling face patterns, but in one of them, the
smile is removed. They have the same size and are encoded with the same focal length.
Figure 5 shows the corresponding results when we use linear polarization analyzers. When the analyzers
are oriented vertical and horizontal (Fig. 5(a) and Fig. 5(d)), the two patterns used in the holograms design
are recovered: the complete smiling face for vertical polarization, and the face without the smile for
horizontal polarization.
Figures 5(b) and 5(e) correspond to the orientations of the linear polarization analyzers at +45 degrees
and at -45 degrees respectively. In the first case, the result corresponds to the addition of the output
reconstructions encoded in each (vertical and horizontal) polarization components. Figure 5(c) illustrates a
diagram showing the addition operation. The outputs are encoded onto vertical and horizontal components
of the electric field (vectors B’ and A’ respectively). These vectors project equally to the analyzer
transmission axis when it is oriented at +45 degrees (resulting in the corresponding output vectors b’ and
a’). Therefore, the addition of the two contributions is produced.
This is not the case when the analyzer is oriented at -45 degrees, as Fig. 5(f) illustrates. Now the vertical
and horizontal electric fields project to the orientation of the analyzer transmission axis in opposition, thus
resulting in a subtraction operation. This is equivalent to the well-known operation of magneto-optic
devices as binary phase-only modulators [23]. The output is now shown in Fig. 5(d), where only the
difference between the two encoded outputs is observed, i.e., the smile.

6. Conclusions
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In summary, we have experimentally demonstrated a proof-of-concept of a holographic projection system
that combined two interesting features: 1) programmable control of the focusing plane and size of the
reconstruction, and 2) programmable control of the state of polarization of the hologram reconstruction.
The first feature is achieved thanks to the application of a technique [14], where the hologram plane is
virtually propagated using a using Fresnel propagation algorithm, while being displayed in the same SLM.
Using a previously reported angular spectrum algorithm [12] that allows fast calculations of the Fresnel
propagated versions of the hologram. We have shown that this technique allows control of the axial position
of the output reconstruction without changing the size. We have also shown that the technique also allows
changing the size of the output reconstruction while keeping a fixed focusing plane. Note that this is fully
achieved by encoding the Fourier transform lens function and the virtual displacement on the hologram
displayed on the SLM, without requiring any additional zoom lens.
The second feature, the polarization control, is achieved by using an optical system with a double pass
through a LCSLM [10,11]. Two independent holograms can be displayed on each side of the SLM to
control two orthogonal polarization components. This way we can apply the previously described Fourier
encoded holograms to two independent patterns and provide a programmable control of the state of
polarization of the holographic projection output. This can be an interesting property for 3D patterns
visualization, where two images with orthogonal polarizations are required. Here, as an example, we have
provided a demonstration of polarization-based logical operations, where the addition and subtraction of
two images encoded on the two orthogonal linear polarizations is shown.
We finally want to indicate some technological aspects where the system used here for demonstration
could be adapted and made compact for practical application. First, note that the double-pass geometry in
Fig. 1 implies the use of a beam-splitter, with the subsequent loss of power. Additionally this geometry
forces us to divide the SLM screen in two parts, thus reducing the available space bandwidth and enlarging
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the Nyquist focal length limit. This could be avoided simply using in cascade two transmissive SLMs as
the prototype one used here. However, the SLM industry has moved to reflective liquid-crystal on silicon
(LCOS) devices, with various newer high-resolution displays. An optical system similar to that in Fig. 1
can be built with LCOS-SLMs [24]. But since these are reflective devices, two beam-splitters would be
required with substantial loss in intensity. Alternatively, LCOS-SLMs can be used with an angle, but then
the system cannot be compact because requires enough room to separate the input and the reflected beam.
We consider that the development of high-resolution transmissive parallel-aligned liquid-crystal SLMs
could be of great interest for the practical implementation of the proposed technique, as well as for many
others.
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Figure Captions
Fig. 1. Double-pass system to generate polarization phase-only computer-generated holograms. The
physical lens L3 can be removed and encoded onto the SLM.

Fig. 2. Experimental demonstration of control of the focusing plane. Fourier lens encoded holograms are
designed with focal lengths of 𝐹* = 50 cm (left) and 𝐹* = 75 cm (right). (a) Output at 50 cm from the
SLM. (b) Output at 75 cm from the SLM. (c) Output at 75 cm when the left hologram is Fresnel propagated
by a distance 𝑑 = 25 cm.

Fig. 3. Experimental demonstration of control of the size of the reconstruction. Detector is fixed, placed at
a distance of 70 cm. The focal lengths of the encoded Fourier lens and virtual propagation distances are
adjusted to keep a constant focus plane: (a) 𝐹* = 90 cm and 𝑑 = −20 cm. (b) 𝐹* = 70 cm and 𝑑 = 0
cm. (c) 𝐹* = 50 cm and 𝑑 = +20 cm.

Fig. 4. Experimental demonstration of control of the state of polarization. (a) Output linearly polarized at
45 degrees. (b) Output circularly polarized. Analyzers are indicated on each image.

Fig. 5. Polarization logic: A’ and B’ denote the electric field orientations where the two holograms are
encoded. a’ and b’ indicate the electric field orientations after the analyzer when oriented at ±45 degrees.
(a)-(d) Experimental outputs for linear analyzers oriented vertical, at +45 degrees, horizontal, and at -45
degrees. Diagrams showing the projections of the electric fields in the cases of (e) addition and (f)
subtraction of images.
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