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Abstract:
In this work, we present a new optical lens system based on a polarization directed flat
lens (geometric phase lens) designed to provide circular polarization split focusing in two
real foci located at two different axial planes. We find the conditions to obtain two real
back focal planes of the system, and the same focal length of opposite sign. In this
situation, the system acts as a bifocal SAM split system with equal scale for both real foci.
We experimentally demonstrate the optical spin dependent dual focus effect of the
system. Then, we illuminate the system with vortex and vector beams generated by a qplate and provide theoretical explanation within the Jones matrix formalism for the
different orbital angular momentum (OAM) and spin angular momentum (SAM) states
experimentally observed at the two focal planes. Finally, we show the interference of the
two split focused components of the vector beam at the intermediate plane between the
two focal planes. The resulting spiral interference pattern indicates the sign and value of
the vector beam’s topological charge. It can also be used to identify the vector beam of a
given charge by the shift on the interference fringes. Therefore, the optical system can be
useful as a new tool for analyzing OAM and SAM beams.
Highlights:
- We combine a geometric phase lens and a telescope to produce an optical system with
two polarization controlled real foci with equal magnification.
- We apply it to characterize vortex beams and vector beams, splitting longitudinally the
circular polarization components and focusing them into different axial planes.
- We show the polarization interference pattern obtained at an intermediate plane,
which easily reveals the difference and relative sign of the vector beam’s topological
charge at each circular component.

- This interference pattern can be used to identify the vector beam of a given order
through the relative phase between the RCP and LCP components, which is clearly
visible in the shift of the interference pattern at the intermediate plane.
Keywords: Vector Beams; Geometric Phase Lens; Polarization Interference.

1. Introduction
In recent times there has been a great interest in developing geometric phase (also known
as Pancharatnam-Berry phase) diffractive optical elements (GP-DOE). These thin optical
elements allow reducing the size of the optical systems, while maintaining high efficiency
[1,2]. These GP-DOEs are basically half-wave retarders (HWR) where the angle of the fast
(or slow) axis follows a given spatial pattern φ(r), where r denotes the spatial coordinate
in the plane of the GP-DOE. When the GP element is illuminated with right circularly
polarized (RCP) light, the output beam is left circularly polarized (LCP), and gains a phase
2φ(r). When illuminated with the opposite circular polarization (LCP), the output is RCP
and the opposite phase −2φ(r) is acquired. More complex designs involve not only
controlling the orientation of the spatial retarder at each position, but also the spatial
variation of an additional phase, thus allowing to encode two independent phase
functions onto the two circular polarizations [3].
Such GP-DOE can be fabricated following two main techniques: 1) via nanostructuring
metasurfaces [4,5], and 2) via photo-aligning liquid-crystal materials [1]. Whilst the first
technique provides optical devices with structured birefringence and much higher light
intensity tolerance, thus making possible the use of high power lasers, the second
technique provides material birefringence and much more cost effective. In addition,
liquid-crystal based SP elements can be made tunable with voltage and therefore useful
for operation and different wavelengths [6,7].
In general, compact thin optical GP elements such as lenses, gratings, and holograms
have been reported. In this work we will deal with standard GP-DOEs with π retardance at
the operating wavelength (HWR plates). One such popular GP-DOE is the q-plate [8]. In
this case the optical axis space distribution follows φ(x,y)=qθ, where θ is the azimuthal
angle, tan(θ)=y/x. GP-DOE q-plates have become very popular since they transfer orbital
angular momentum (OAM) of charge ±2qħ per photon to circularly polarized light (the
sign depends whether input light is RCP or LCP). This is an additional angular momentum
added to the spin angular momentum (SAM) of σħ per photon that is associated to
circularly polarized states (σ=±1 depending on the helicity of the circular polarization). Qplates can also be used to generate higher-order cylindrically polarized light (vector
beams). When they are illuminated with a uniform polarization state, the output is a
vector beam with the same ellipticity as the input beam, but with an orientation that
follows the azimuth angle [7,9]. Since q-plates are flat elements, they allow the generation
of vector beams in very compact systems, thus being an advantage over other approaches
that require SLMs [10], double-wedge birefringent prisms [11], or axicon elements [12].

Nowadays, q-plates are actually commercially available at various suppliers, like Edmund
Optics, Thorlabs or Arcoptix.
A second type of commercially available GP-DOEs are known as metalenses (when
made of metamaterials) or polarization directed flat lenses (when fabricated with liquid
crystals). In this case, the optical axis orientation follows the characteristic phase of a lens;
namely, proportional to the square of the radial coordinate and inversely proportional to
the focal length. For these lenses, one input circular polarization results in a converging
beam, while the orthogonal circular polarization results in a diverging beam [13]. The
encoded focal length in each case is ±f, thus acting as a polarization beam splitter,
separating the circular states. Such lenses were demonstrated in Refs. [13-15], and they
have been applied to create novel optical systems such as new spectrometers [16], or new
polarized-based zoom lenses [17].
In this work, we combine and make the most of the properties of these two kinds of
GP-DOEs described above. We use a GP lens to build an optical system that splits the
circularly polarization components (or SAM components) of the input beam onto two
different foci located at different axial distances. This system is composed of the GP-DOE
lens followed by a telescopic system. The purpose of the telescopic system is to image the
two back focal planes provided by the GP lens (one real and the other virtual) onto two
real foci, both with the same magnification. In some cases, before the GP lens we place a
q-plate to generate vector beams that will impinge on the GP lens.
Since the flat lens splits the circular polarization components of the input beam, this
optical system directly allows the analysis of the incoming beam in the basis of circular
states. This is very interesting for analysing cylindrically polarized beams, since these
beams are the superposition of RCP and LCP vortex beams with opposite OAM. The two
foci of the flat-lens based optical system directly show the content of the incoming beam
in this basis. In addition, the intermediate planes between the two foci reveal a spiral
interference pattern when a linear polarizer analyzer is added to the system, which serves
to identify the sense of rotation of the input vector beam.
These spin splitting properties could be exploited in OAM-based optical
communications [18], and in beyond OAM optical communications using vector beams
where the information is encoded in the polarization distribution [19,20]. Hence, these
spin-splitting properties could be used in building decoding schemes similar to that in [21].
Also, the proposed optical set-up could benefit the research on the spin-Hall effect of
light, which has been proposed for optical manipulation and trapping [22] and where a
longitudinal spin splitting using a spatial light modulator was recently reported [23].
The paper is organized as follows: after this introduction, section 2 describes the GPDOE properties, and the proposed optical set-up is explained in section 3. Experimental
results are provided in section 4 for different input beams: beam with different uniform
polarizations, but also vector beams generated by q-plates. Finally, the conclusions of the
work are given in section 5.

2. Geometric-phase diffractive optical elements
A standard GP-DOE is basically a HWR whose fast axis orientation follows a given function
φ(r) of the space coordinates in the retarder’s section. According to the Jones matrix
formalism, the Jones matrix describing this element is given by [8]:

⎛ cos(2φ ) sin(2φ ) ⎞
⎟⎟
MGP [φ (r )] = R(− φ )⋅ HWR ⋅ R(+ φ ) = ⎜⎜
⎝ sin(2φ ) − cos(2φ )⎠

(1)

where R (φ) = [cos (φ) ,sin (φ) ;−sin (φ) ,cos (φ)] stands for the 2x2 rotation matrix, and
HWR = diag [1,−1] is the Jones matrix for the aligned HWR. Note that in this relation φ is a

spatially variant function φ(r).
When such a GP-DOE is illuminated with circularly polarized light, the output beam is
given by:

MGP (x , y )⋅ Cσ = exp(2iσφ )C−σ

(2)

where the normalized Jones vectors for the circular states are written following the
convention in [24] as:
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(3)

with σ = +1 for RCP polarization and σ = −1 for LCP polarization.
Equation (2) shows that a GP-DOE flips the circular polarization (as expected of a
HWR), but also imparts a phase term exp(2iσφ) whose sign depends on the helicity of the
input circular polarization. If the GP-DOE is a q-plate, the axis orientation pattern follows a
helical phase φ=qθ, q being the q-value and θ the azimuthal coordinate, while for a GP
lens the axis orientation pattern follows a quadratic phase function, φ=πr2/λf, with f
denoting the lens focal length, λ the wavelength, and r the radial coordinate.
Figure 1 shows the action of these two GP elements on the RCP/LCP polarization
components. The q-plate device imparts an orbital angular momentum (OAM) with
topological charge ℓ = 2σq to the input beam, where the sign depends on the input
circular polarization (Fig. 1(a)). When illuminating with linearly polarized light, the q-plate
generates a cylindrically polarized light beam (vector beam). In the case of the GP lens
(Fig. 1(b)), it acts as a converging lens for one circular polarization, while it acts as a
diverging lens for the opposite circular polarization. For linearly polarized light, it acts as a
bifocal lens splitting the incoming beam intensity evenly between the two foci.

Fig. 1. Action of the two GP elements used in this work. RCP and LCP stand for left and right circularly
polarized light. (a) A q-plate transfers OAM with charge of opposite sign for RCP/LCP light. (b) A GP lens
converges (diverges) for RCP (LCP) light.

Next, we combine the action of these two GP-DOE components. The GP lens is used to
split the circular polarization components of a vector beam generated by a q-plate.

3. Optical system
The key element in our experiment is a GP lens from Edmund Optics, known as a
polarization directed flat lenses. These are polymerized liquid-crystal thin-films,
approximately 0.45 mm thick, with an effective area of 2.5×2.5 cm2, and a nominal focal
length of fL=±100 mm. Figure 2 illustrates the dual focus property of these lenses. In Fig.
2(a) we placed the lens right on top of a piece of paper with a text written. Because the
lens is flat it can be completely placed on the paper and a single image is observed. In Fig.
2(b) we separate the lens from the text, and two images are visible, with two different
magnifications. These images are circularly polarized with opposite circular polarizations.
Chromatic aberration is observed.

Fig. 2. A text on a paper viewed through the GP flat lens: (a) Lens directly placed on the text; (b) The lens is
separated from the text in order to show the dual image property with different magnification.

Figure 3 shows a scheme of the optical system where we exploit the properties of this
lens. We use a 632.8 nm wavelength He-Ne laser. The beam is spatially filtered, and
collimated, with a diameter of approximately 2’’. A polarization state generator (PSG)
composed by a linear polarizer (LP) and a quarter-wave retarder (QWR) is introduced in
order to generate an arbitrary input state of polarization. In some of the experiments, the
PSG also includes a q-plate device behind the QWR, in order to illuminate the optical
system with a vortex beam or a cylindrically polarized beam (vector beam). The q-plate
charge and the state of polarization incident on the q-plate will determine the resulting
vector beam [7,9]. We use commercial q-plates from Thorlabs, the so-called vortex halfwave retarders of values q=1/2 (model WPV10L-633) and q=1 (model WPV10-633).
This input beam illuminates the GP lens, which generates two foci, one real and one
virtual. In order to obtain two real foci, we incorporate a telescopic system behind the GP
lens, composed by two positive lenses with focal lengths of approximately f1=165 mm and
f2=175 mm. Figure 3 illustrates some ray tracing. This telescopic system transforms the
real and virtual foci of the GP lens into two real foci behind the telescopic system, both
with the same magnification given by M=f2/f1=1.06. The appendix at the end of the paper
includes the discussion of the conditions to achieve two real foci at the output of the
optical system. In the experiments shown hereafter, we selected the GP lens located a
distance of 10.5 cm from lens L1, so the focus F+ is located before the first lens of the
telescope. The two final foci F1 and F2 are located at distances of approximately Y =13 cm
and Y+=35 cm, which are in good agreement with the expected distances (11.9 cm and
34.4 cm respectively).
−

In front of the CCD detector (Basler model Scout with 1390×1038 pixels, 4.65×4.65
µm pixel size and an effective area of 6.5×4.8 mm2) we also introduce a polarization state
analyzer (PSA) (not shown in the figure for simplicity), again composed by a quarter-wave
plate and a linear polarizer. We use this PSA to capture different polarizations at the
system’s output.
2

Fig. 3. Top: scheme of the optical system. PSG stands for the polarization state generator composed by a
linear polarizer (LP), a quarter-wave retarder (QWR) and, eventually, a q-plate (q). The GP lens provides two
foci, one real (F+) and one virtual (F ). A telescopic system composed by lenses L1 and L2 provides the two
real foci (F1 and F2) with the same magnification. IP is the intermediate plane between the two foci where
the two beams have the same diameter. X and Y denote the telescope’s object and image distances for the
two foci. Bottom: picture of the optical system with indication of the different elements.
−

4. Experiments
In this section we describe the set of experiments we performed. First, we consider the
focalization of a single laser beam passing through the GP lens system and analyze the
dependence at each focal plane on the input state of polarization, and verify that the two
foci are circularly polarized with opposite helicity. Second, we study the behaviour of light
passing through a q-plate to generate a vector beam that is the input to the GP lens-based
optical system, and again analyze the result at the resulting foci. We analyze cases with a
single q-plate, or with a combination of two q-plates, manipulating the addition or
subtraction of their q-values according to reference [25]. Finally, in a third measurement
we study the interference pattern that is observed in the intermediate plane between the
two foci.
4.1 Characterizing the two foci of the GP lens
In this first case we analyze the two focal spots of the GP lens. For this purpose, the GP
lens is illuminated with three states of polarization: a linear polarization, and the RCP and
LCP states. The CCD camera is displaced longitudinally to capture both focal spots. Figure
4 shows the corresponding experimental captures at planes F1 and F2 in Fig. 3 for these

three input polarization states. In addition, for each case, we capture three situations:
when no analyzer is placed before the CCD and when the RCP and LCP analyzers are
placed.

Fig. 4. Experimental captures at planes F1 and F2 when the system is illuminated with different input uniform
states of polarization (SOP): linear polarization (a-c), with RCP polarization (d-f) and with LCP polarization (gi). For each case, the two foci are characterized without analyzer (two left columns), with a RCP analyzer
(two central columns) and with a LCP analyzer (two right columns).

If the system is illuminated with linearly polarized light (Fig. 4(a)), both foci appear
with the same intensity in the absence of analyzer. Note how the two foci appear with the
same magnification, thanks to the use of the telescopic system. If a circular analyzer is
included before the CCD, then one of the two foci disappears. Namely, F1 when the RCP
analyzer is employed (Fig. 4(b)), and F2 when the LCP analyzer is employed (Fig. 4(c)). This
reveals that the two foci have opposite circular polarizations.
On the contrary, when the system is illuminated with circularly polarized light, only
one focus is obtained: F1 for input RCP polarization (Fig. 4(d)), and F2 for input LCP
polarization (Fig. 4(g)). Again, when circular analyzers are included before the CDD
detector, the focus is fully transmitted or fully absorbed depending on the foci. Note the
inversion of the output circular polarization in comparison to the input circular
polarization caused by the half-wave retardance of the GP lens.
These results thus prove the spin splitting characteristics of the GP lens. The intensity
of each foci is proportional to the circular RCP and LCP components of the input beam.
Thus serving as an interesting alternative to polarization beam splitters, which usually split
the two linear orthogonal components.

4.2 GP lens illuminated with cylindrically polarized light
Next, we add a q-plate in the PSG system, in order to illuminate the GP lens with a
cylindrically polarized light beam. Figures 5 and 6 show results equivalent to those in Fig.
4, but when a q-plate of q=1/2 and q=1 is included in the PSG, respectively.
When the q-plate is illuminated with polarized light, it is well known to generate a
vector beam or cylindrically polarized beam [6,7,9]. This kind of beam can be viewed as
the superposition of an RCP and an LCP beam with helical phases ±2qθ of opposite sign
[26], and they can be represented in the higher-order Poincaré sphere [27]. Thus, when
illuminated with a beam of uniform polarization and no OAM content, the q-plate
generates two vortex beams onto the two circular polarization components with charges
given by ℓ = ±2q which, for the two q-plates used in this work, they take values ℓ = ±1
and ℓ = ±2 respectively. If the input beam already contains topological charge, the q-plate
adds and subtracts the above-mentioned charges to the input one on each circular
polarization component. The resulting beam is called a vortex vector beam, and it is
represented in the hybrid higher-order Poincaré sphere [28].
Figures 5 and 6 show results equivalent to those in Fig. 4, but when a q-plate of
q=1/2 and q=1 is included in the PSG, respectively. We generate exactly the same three
states of polarization as in Fig. 4, i.e. a linear state at 45º, and the two circular states.
These states illuminate the q-plate and generate the corresponding vector beam drawn in
the left column of Figs. 5 and 6. These vector beams are now analyzed with the lens
system. The GP lens splits the two components of these cylindrically polarized light beams.
The results in Figs. 5 and 6 evidence that each circular component is now a vortex beam
since they contain a singularity at each focal spot, which now adopts the typical
“doughnut” shape. Note that the singularity has the same size at both focal planes, thus
indicating the same absolute value of the topological charge in each circular polarization
component. Also note that, as expected, the singularity becomes greater when we use the
q-plate with q=1 (Fig. 6) in comparison to the case with q=1/2 (Fig. 5).
Let us note that this simple direct identification and comparison of the topological
charge in each foci is only possible because the magnification is the same at both planes,
thanks to the use of the telescopic system. This is not the case for the RCP/LCP
longitudinal splitting reported in [23], which has a different magnification at each foci.
When the q-plate is illuminated with circularly polarized light (second and third rows
in Figs. 5 and 6) then only one focus is obtained. However, since the q-plate is a GP
element, it flips the initial helicity of the circular polarization, and therefore these foci
appear exchanged with respect to the input circular polarization state, in comparison to
the initial case in Fig. 4. Namely, the results obtained for input RCP in Figs. 5 and 6 (2nd
row) are equivalent to those obtained for input LCP in Fig. 4 (3rd row); and similarly for
input LCP in Figs. 5 and 6 with respect to input RCP in Fig. 4.

Fig. 5. Experimental captures at planes F1 and F2 when the when the PSG system includes a q-plate of
q=1/2. The vector beam incident on the GP lens is drawn on the left column. For each case, the two foci are
characterized without analyzer (a,d,g), with a RCP analyzer (b,e,h) and with a LCP analyzer (c,f,i).

Fig. 6. Experimental captures at planes F1 and F2 when the when the PSG system includes a q-plate of q=1.
The vector beam incident on the GP lens is drawn on the left column. For each case, the two foci are
characterized without analyzer (a,d,g), with a RCP analyzer (b,e,h) and with a LCP analyzer (c,f,i).

4.3 Interference of the focused vortex components of a vector beam

These previous results reveal the different topological charge of each circular polarization
component. However, the difference in their sign is not shown since positive and negative
topological charges yield a doughnut focus of exactly the same diameter.
The sign difference can be indeed shown in a plane where the two beams interfere.
For that purpose, we shift the detector to the intermediate plane IP in Fig. 3, where both
beams have the same diameter. This way, if the two circular polarization components
have the same weight in the input beam, the two focused beams will show equal intensity
and their interference will show maximum contrast. However, the two circular states are
orthogonal and therefore they do not interfere, at least not in the classical way as
intensity fringes, although the local spatial variations of the state of polarization can be
viewed as some kind of interference [29]. In order to obtain interference fringes, we put a
linear polarizer in front of the CCD detector.
The experimental results are presented in Fig. 7. Here, the input beam was linearly
polarized at 45º, so that both circular components have the same intensity. In Fig. 7(a) no
analyzer is included before the CCD detector and a constant uniform intensity is observed,
since the two focused beams do not interfere. In Fig. 7(b), a linear polarizer analyzer is
included at 45º, and now the interference fringes show the quadratic radial phase
difference between the two beams due to the axial different location of their respective
foci.
In the other cases displayed in Fig. 7, a q-plate is included before the GP lens in order
to create a cylindrically polarized light beam, and the linear analyzer at 45º is kept before
the CCD. In Figs. 7(c) and 7(d) q-plates with values q=1/2 and q=1 were employed. These
q-plates are illuminated with linearly polarized light, thus a linear vector beam is
generated. Now the interference pattern describes a clockwise spiral rotation due to the
opposite sign of the topological charge in the RCP and LCP beams splitting at the GP lens.
Note that the number of fringes starting at the singularity on axis is four times the q-value,
i.e., two in Fig. 7(c) and four in Fig. 7(d).
Finally, the last column in Fig. 7 shows the interference pattern observed when two qplates, combined with regular HWRs, are inserted before the GP lens. As shown in Ref.
[25], two q-plates with a HWR in-between make an effective q-plate with a q-value equal
to the addition of the individual q-values. Therefore, when inserting a HWR between the
two q-plates of q=1/2 and q=1, we are generating an equivalent q-plate of q=3/2. The
interference pattern in Fig. 7(e) shows this situation, where a singularity of greater
diameter is observed, with six clockwise spiral interference fringes originating from it.

Fig. 7. Experimental interference patterns at the intermediate plane (IP) in between the two foci (see Fig. 2),
In all cases the system is illuminated with linearly polarized light at 45º. (a) Case with no analyzer and no qplate; (b) case with linear analyzer at 45º and no q-plate; In cases (c) to (f) the analyzer remains and a qplate is added before the GP lens: (c) case q=1/2; (d) case with q=1; (e) case with q=1/2 – HWR – q=1; (f)
case with HWR – q=1/2 – HWR – q=1 – HWR.

Again, following Ref. [25], when a q-plate is inserted in between two HWPs, the
system is equivalent to an effective q-plate with opposite q-value. Therefore, by adding
two HWPs on each side of the previous system used in Fig. 7(e) yields a q-plate of q=−3/2.
The interference pattern in Fig. 7(f) verifies this situation. We can see that the spiral
pattern is equivalent to that in Fig. 7(e), again with six fringes originating from the
singularity, but now the spiral rotates counter-clockwise, revealing the change in sign of
the topological charge.
In these experiments that combine two q-plates, it is crucial to achieve a perfect
alignment of the centres of the q-plates and the centre of the GP lens. This is illustrated in
the video included as supplementary material. It shows initially the interference pattern
generated by the GP lens, as shown in Fig. 7(b). However, at both sides of the interference
centre, the two singularities caused by the q-plates, which are now misaligned, are clearly
visible. The file video1 shows how the regular interference pattern becomes the spiral
interference pattern as the q-plates are aligned correctly.
Let us remark that this interference pattern can also be used to identify the input
vector beam of a given order. This is illustrated in Fig. 8 where, as an example, we select
the four standard linear first-order vector beams: radial, azimuthal, and the two slanted
polarizations. They all lie on the equator of the first-order Poincaré sphere [27] and

therefore they yield an equally intense focalization in the two foci of our system since they
all have equally intense RCP and LCP components. However, these four vector beams
differ in their relative phase between the RCP and LCP components. This is clearly visible
in the intermediate interference pattern, as we discuss below.

Fig. 8. Experimental results when the system includes the q-plate with q=1/2 illuminated with linearly
polarized light at four different angles to generate different linear first-order vector beams: (a) Slanted; (b)
Radial; (c) Opposite slanted and (d) Azimuthal. The analyzer is always oriented vertically. The middle row
shows the pattern behind the q-plate. The bottom row shows the Interference at the intermediate plane
(IP). The white arrow indicates the position where the bright fringe starts.

We have generated the four linear first-order vector beams by illuminating the q=1/2
q-plate with input linear polarization oriented vertically, horizontally and at ±45º. The
images in the middle row shows the intensity pattern captured behind the q-plate, which
identifies generated vector beam by the dark line that appears for the areas where the
polarization is orthogonal to the analyzer transmission axis [7]. The bottom row displays
the corresponding interference pattern captured at the intermediate plane. Note how the
fringes in the spiral pattern are shifted by phase steps of π/2. These shifts are clearly
visible as rotations of the spiral pattern in the center of the interferogram. A second file
video2 illustrates how both patterns rotate.

5. Conclusions
In summary, we have combined two geometric phase optical elements that enable to
manipulate the polarization and phase properties of a polarized light beam. We first

demonstrated the selection of polarization by a GP lens, showing their dual circularpolarization-based split properties. We combined the GP lens with a telescope to design
an optical system with two real foci of equal magnification. This ensures a direct
comparison of these two real foci, thus making a simple task to compare the OAM content
on each spin component.
Then, we incorporated q-plate elements before the optical lens system. The q-plates
transfer orbital angular momentum (OAM) to the input beam, which is easily visualized in
the doughnut shape of the corresponding focalizations. Finally, we used the intermediate
plane in between the two foci to clearly display the interference pattern of the two vortex
beams constituent of the input vector beam. The different spiral interferograms reveal the
different characteristics of the input vector beams.
The proposed optical system based on the use of the GP lens and the telescopic system
is a simple and useful method to characterize vector beams, since it splits longitudinally
the circular polarization components and focuses them into different axial planes. The
shape and size of the focalizations obtained at the two foci indicate the topological charge
encoded on each circular polarization component. The interference pattern at the
intermediate plane reveal the sign and value of the vector beams topological charge. It
also reveals the relative phase between the RCP and LCP components, and consequently,
the shift in the fringes makes possible to identify the vector beam of a given order.
These experiments show the potential of the GP lens as a new element for the design
of optical lens systems with different polarization properties that could be exploited in
applications that require polarization splitting. For instance, the proposed optical set-up
could benefit the research on the spin-Hall effect of light, which has been proposed for
optical manipulation and trapping. We have shown that this system discriminates
unambiguously between the four fundamental vector modes (radial, azimuthal, and the
two slanted). Nevertheless, let us point out that, as presented, it would not be able to
separate spatially these four fundamental vector modes, as it is required in vector beam
based optical communications. For that purpose, the proposed system could be combined
with a specially designed polarization vortex diffraction grating, as those proposed in
[30,31].
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Appendix: Analysis of the imaging system
The use of the telescopic system to create the two real foci is though limited. For this
analysis, we use the ABCD ray matrix approach [32]. The telescopic system is composed of
two positive lenses L1 and L2, with focal lengths f1 and f2 respectively. The back focal plane
of L1 is made coincident with the front focal plane of L2. Therefore, the ABCD ray matrix
for the telescope is given by:
" 1 0 %"
"
%
1 f1 + f2 % $ 1 0 ' " −M D %
$
'
$
'
$
'
MTEL =
⋅
(4)
'⋅$ − 1 1 ' = $ 0 − 1 '
$ − 1f 1 ' $ 0
f
1 &# 1
M &
# 2
&#
& #
where M = f2 / f1 denotes the magnification, and D = f1 + f2 denotes the distance
between lenses L1 and L2.
If an object plane located a distance X in front of lens L1 is to be imaged onto an
image plane at a distance Y behind the lens L2, the ABCD ray matrix for the system is:
Y
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where the imaging condition B=0 leads to the following relation
Y = M (D − MX )

(6)

Since we want to have real images, we must impose the condition Y≥0. This is
accomplished whenever the condition
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D
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is fulfilled. This condition limits the farthest point that can be imaged with the telescope
while providing a real image.
The above-mentioned farthest point limits the distance the telescope can be
placed behind the GP lens to obtain two real foci for the complete system composed by
the GP lens and the telescope. Different situations are illustrated in Fig. 9. Figure 9(a)
corresponds to the case where the real image is located at the closest point, i.e., Y=0. In
this situation, the first lens of the telescope creates the intermediate image onto the
location of the second lens. This case corresponds to the farthest real object that can be
imaged onto a real image behind the telescope, according to the limit in Eq. (7). For the

telescope with two equal lenses illustrated in Fig. 9, the farthest object is located at a
distance X=2f.
Figure 9(b) shows the case corresponding to a real object located on the front focal
plane of lens L1, which is then imaged on the back focal plane of lens L2. Figure 9(c)
illustrates the limiting case for a real object, achieved when X=0., i.e., the object is right
on the location of the first lens. In the case of the telescope with equal lenses, the real
image appears at a distance Y=2f, according to Eq. (6). Finally, Fig. 8(d) shows the case
where a virtual object is imaged. In this case, the image plane appears farther apart from
the back focal plane of lens L2. The case illustrated in Fig. 8(d) corresponds to a distance
X=−f (a virtual object point located at the back focal plane of lens L1), and the final image
appears at a distance Y=3f.
These limits impose the conditions where we can image the two focal planes of the GP
lens with a real image. Let F denote the focal length of the GP lens, i.e. it creates two foci
(real and virtual at distances ±F from the GP lens. If the telescope system is placed right
behind the GP lens (Fig. 8(a)), then the real focus of the GP lens becomes a virtual object
for the telescope with X2=−F, (therefore always fulfilling condition (6)) and the telescope
provides a final focal plane F2 located a distance Y2=M(D+MF) from lens L2. On the
contrary, the virtual focus of the GP lens is a real object for the telescope, with X1=+F, and
therefore the focal plane F1 is located a distance Y1=M(D-MF) which is positive provided
the limiting condition in Eq. (6).

Fig. 9. Different cases illustrating the real imaging condition with the telescope system. For simplicity,
f1=f2≡f has been selected. (a) Closest real image (Y=0); (b) Focus to focus propagation; (c) Closest real object
and (d) a case with virtual object.

