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Abstract	  

We	   present	   a	   quantitative	   analysis	   of	   the	   performance	   of	   a	   complete	   snapshot	   polarimeter	  
based	  on	  a	  polarization	  diffraction	  grating	   (PDGr).	   The	  PDGr	   is	   generated	   in	  a	   common	  path	  
polarization	  interferometer	  with	  a	  Z	  optical	  architecture	  that	  uses	  two	  liquid-‐crystal	  on	  silicon	  
(LCoS)	   displays	   to	   imprint	   two	   different	   phase-‐only	   diffraction	   gratings	   onto	   two	   orthogonal	  
linear	  states	  of	  polarization.	  As	  a	  result,	  we	  obtain	  a	  programmable	  PDGr	  capable	  to	  act	  as	  a	  
simultaneous	   polarization	   state	   generator	   (PSG),	   yielding	   diffraction	   orders	   with	   different	  
states	   of	   polarization.	   The	   same	   system	   is	   also	   shown	   to	   operate	   as	   a	   polarization	   state	  
analyzer	   (PSA),	   therefore	  useful	   for	   the	  realization	  of	  a	  snapshot	  polarimeter.	  We	  analyze	   its	  
performance	   using	   quantitative	   metrics	   such	   as	   the	   conditional	   number,	   and	   verify	   its	  
reliability	  for	  the	  detection	  of	  states	  of	  polarization.	  
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1. INTRODUCTION	  

Polarimetry	   is	   a	   light-‐measuring	   technique	   [1]	   used	   in	   many	   different	   applications	   such	   as	  
materials	   inspection	   [2],	   remote	   sensing	   [3],	   astronomy	   [4],	   biomedical	   applications	   [5],	  
ophthalmology	  [6],	  among	  others.	  Due	  to	  this	   large	  amount	  of	  applications,	  there	  exist	  many	  
different	   polarimeter	   systems	   proposed	   in	   the	   literature,	   each	   one	   presenting	   its	   particular	  
characteristics.	   In	   general,	   we	   can	   distinguish	   between	   Stokes	   and	   Mueller	   polarimeters,	   if	  
they	   are	   light-‐measuring	   or	   sample-‐measuring	   devices.	   Polarimeters	   can	   also	   be	   grouped	   as	  
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punctual	   beam	   or	   image	   polarimeters,	   depending	   on	   their	   capability	   to	   differentiate	  
polarization	  spatial	  variations.	  Finally,	  we	  can	  distinguish	  between	  time-‐sequential	  or	  snapshot	  
polarimeters.	  

When	   dealing	   with	   real-‐time	   applications,	   the	   use	   of	   snapshot	   polarimeters	   is	  
mandatory.	   There	   are	   a	   number	   of	   snapshot	   polarimeters	   described	   in	   the	   literature,	  which	  
are	   mainly	   based	   on	   amplitude-‐division	   (AD)	   or	   wavefront-‐division	   (WD)	   architectures.	   AD	  
polarimeters	  [7-‐10]	  are	  usually	  based	  on	  optical	  arrangements	  where	  the	  input	  beam	  is	  split	  in	  
different	   sub-‐beams	   by	   using	   a	   collection	   of	   beam-‐splitters	   or	   prisms.	   Those	   sub-‐beams	   are	  
then	  simultaneously	  analyzed	  by	  means	  of	  different	  polarization	  analyzers	  (PA)	  (i.e.,	  different	  
states	  of	  polarization	  where	  the	  input	  beam	  is	  projected).	  Those	  PAs	  are	  commonly	  achieved	  
by	   placing	   different	   combinations	   of	   linear	   retarders	   and	   polarizers	   on	   the	   different	   sub-‐
beams.	  A	  minimum	  number	  of	   4	   independent	   PAs	   are	   required.	   In	   general,	   the	   systems	   are	  
bulky	  and	  require	  of	  synchronization	  between	  different	  radiometers	  to	  simultaneously	  record	  
the	  different	   flux	  measurements.	  On	   the	  contrary,	  WD	  polarimeters	   [3,11]	  are	  usually	  based	  
on	  a	  set	  of	  PAs	  that	  measure	  different	  parts	  of	  the	  input	  wavefront.	  	  

In	   this	  manuscript	  we	  design,	  optimize	  and	   implement	  a	  new	  type	  of	  AD	  polarimeter	  
based	  on	  polarization	  diffraction	  gratings	  (PDGr),	  capable	  to	  perform	  punctual	  beam,	  snapshot	  
and	   complete	   polarization	  metrology.	   PDGrs	   have	   been	   studied	   since	  many	   years,	   and	   they	  
have	  been	  proposed	  for	  polarimetric	  measurements	   [12].	  They	  are	  diffraction	  gratings	  based	  
on	  a	  one-‐dimensional	  local	  periodic	  variation	  of	  the	  polarization	  transmission	  [13]	  and	  they	  are	  
usually	  designed	  to	  be	  either	  polarizer	  or	  waveplate	  periodic	  structures,	  where	  the	  orientation	  
of	   the	   transmission	   axis	   of	   the	   polarizer	   [14],	   or	   the	   principal	   axis	   of	   the	   wave-‐plate	   is	  
periodically	  rotated	  [15].	  	  

Initial	   experimental	   realizations	   of	   PDGr	   based	   polarimeters	   were	   based	   on	   using	  
micro-‐structured	   PDGr	   designed	   for	   IR	   light	   with	   large	   wavelengths	   [16].	   The	   realization	   of	  
PDGr	   for	   visible	   wavelengths	   required	   advances	   in	   microfabrication	   processes	   [17-‐19].	  
Recently,	  PDGr	  have	  been	  proposed	  for	  different	  types	  of	  polarimeters	  [20,21].	  An	  alternative	  
to	   produce	   PDGr	   has	   been	   the	   well	   stablished	   liquid-‐crystal	   technology.	   For	   instance,	   PDGr	  
were	   demonstrated	   with	   ferroelectric	   displays	   [22,23],	   or	   with	   parallel-‐aligned	   nematic	  
displays	   [24-‐26],	   and	   a	   punctual	   beam	   time-‐sequential	   polarimeter	   based	   on	   a	   simple	   PDGr	  
was	   demonstrated	   in	   [27].	   However,	   liquid	   crystal	   displays	   present	   limitations	   in	   the	  
polarization	   states	   that	   can	   be	   generated,	   and	   this	   limits	   the	   types	   of	   PDGr	   that	   can	   be	  
implemented.	   Therefore,	   these	   above	   mentioned	   PDGr	   can	   not	   be	   applied	   to	   produce	   a	  
complete	  single-‐shot	  polarimeter.	  

Recently	  a	  new	  concept	  for	  generating	  PDGr	  was	  introduced	  in	  [28].	   In	  this	  work,	  the	  
PDGr	   was	   generated	   by	   encoding	   two	   independent	   phase-‐only	   diffraction	   gratings	   on	   two	  
orthogonal	   states	   of	   polarization.	   The	   phase-‐only	   gratings	   were	   designed	   according	   to	   the	  
optimal	   method	   for	   designing	   laser	   beam	   splitters	   [29].	   This	   is	   a	   powerful	   grating	   design	  
method,	   which	   can	   be	   used	   to	   select	   a	   number	   of	   target	   diffraction	   orders	   with	   a	   given	  
constraint	  in	  their	  relative	  intensities	  [30]	  and/or	  phases	  [31].	  The	  proper	  combination	  of	  two	  
of	   such	   gratings,	   each	   one	   affecting	   different	   and	   orthogonal	   states	   of	   polarization,	   can	   be	  
used	  to	  design	  arbitrary	  PDGrs,	  as	  demonstrated	  in	  Ref.	  [28].	  In	  that	  work,	  an	  optical	  reflective	  
architecture	  was	  used,	  employing	  a	  special	  transmissive	  parallel-‐aligned	  liquid	  crystal	  display.	  
However,	   reflective	   liquid-‐crystal	   on	   silicon	   (LCoS)	   displays	   are	   much	   more	   common	   and	  
commercially	  available	  nowadays.	  	  
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In	  this	  work,	  we	  show	  an	  alternative	  optical	  architecture	  based	  on	  two	  LCoS	  displays	  to	  
encode	   PDGr	   following	   the	   technique	   initiated	   in	   [28].	   In	   addition,	   we	   analyze	   the	  
implementation	   of	   a	   snapshot	   punctual	   polarimeter	   based	   on	   this	   system.	   The	   proposed	  
polarimeter	   system	   is	   capable	   of	   simultaneously	   generate	   all	   the	   required	   PAs.	   Moreover,	  
alignment	   of	   the	   set-‐up	   is	   not	   extremely	   demanding	   as	   occurring	   in	   other	   polarimeter	  
proposals.	   In	   addition,	   as	   the	   LCoS	   performance	   can	   be	   optimized	   to	   different	  wavelengths,	  
simply	  by	  addressing	  the	  proper	  electrical	  sequences	  [32],	  the	  proposed	  set-‐up	  could	  be	  used	  
to	  perform	  multi-‐channel	  polarimetry.	  	  

The	  outline	  of	  this	  manuscript	  is	  as	  follows.	  In	  section	  2,	  we	  first	  introduce	  the	  optical	  
architecture	   and	   describe	   the	   details	   of	   the	   experimental	   system.	   Then,	   in	   section	   3,	   we	  
present	  the	  design	  of	  the	  two	  optimal	  phase-‐only	  gratings	  that	  constitute	  the	  PDGr.	  Section	  4	  
presents	  the	  experimental	  results.	  The	  accuracy	  and	  quality	  of	  the	  PDGr	  based	  polarimeter	  are	  
quantified	   according	   to	   well	   stablished	   quality	   metrics.	   Finally,	   Section	   5	   presents	   the	  
conclusions	  of	  the	  work.	  

	  

2. OPTICAL	  ARCHITECTURE	  

Figure	  1	  shows	  the	  scheme	  of	   the	  optical	  setup.	  The	  polarimeter	  comprises	  two	  LCoS	  spatial	  
light	  modulators	  in	  a	  Z	  configuration.	  An	  input	  He-‐Ne	  laser	  (λ=633	  nm)	  is	  first	  spatially	  filtered	  
and	  collimated	  by	  means	  of	  lens	  L1.	  A	  polarization	  state	  generator	  (PSG)	  composed	  of	  a	  linear	  
polarizer	   (P1)	  and	  a	  quarter	  wave-‐plate	   (QWP)	   is	  used	   to	  control	   the	   state	  of	  polarization	  of	  
this	  beam	  before	  it	  reaches	  the	  first	  modulator.	  This	  PSG	  is	  used	  in	  the	  calibration	  step	  and	  in	  
the	   performance	   analysis	   to	   introduce	   in	   the	   polarimeter	   beams	   with	   known	   polarization	  
states.	  

The	  two	  modulators	  are	  arranged	  in	  a	  Z	  configuration	  as	  indicated	  in	  Fig.	  1.	  The	  angle	  
between	   the	   incident	   ray	   and	   the	   reflected	   ray	   on	   each	  modulator	   is	   of	  β=11°.	  Modulators	  
LCoS1	  and	  LCoS2	  are	  conjugated	  planes	  by	  means	  a	  4f	  system	  obtained	  with	  two	  lenses	  L2	  and	  
L3,	   with	   the	   same	   focal	   length,	   f=200	   mm,	   thus	   obtaining	   a	   unit	   magnification.	   Both	  
modulators	   are	   parallel-‐aligned	   LCOS	   displays,	   with	   the	   liquid	   crystal	   director	   aligned	  
horizontally	   with	   respect	   to	   the	   laboratory	   framework.	   They	   are	  modulators	   from	   Holoeye,	  
Pluto	  model,	  with	  1920x1080	  pixels	  and	  8	  μm	  pixel	  pitch.	  LCoS1	  is	  designed	  to	  operate	  in	  the	  
visible	  range,	  while	  LCoS2	  is	  originally	  designed	  to	  operate	  in	  the	  near	  infrared	  range	  (NIR	  II).	  
This	  kind	  of	  devices	  have	  been	  extensively	  used	  for	  displaying	  phase-‐only	  diffraction	  gratings	  
[33].	  The	  retardance	  versus	  addressed	  gray	  level	  was	  previously	  calibrated	  for	  both	  modulators	  
for	   the	  wavelength	   of	   633	   nm,	   following	   the	  method	   described	   in	   Ref.	   [34].	   The	   results	   are	  
shown	  in	  Fig.	  2.	  LCoS1	  display	  provides	  a	  phase	  modulation	  depth	  up	  to	  more	  than	  2π	   in	  the	  
complete	   gray	   level	   range,	  while	   LCoS2	   display	   reaches	   the	   2π	   phase	  modulation	   for	   a	   gray	  
level	  less	  than	  100.	  	  

Parallel-‐aligned	  LCoS	  displays	  only	  modulate	  the	  linear	  polarization	  component	  parallel	  
to	   the	   LC	   director.	   In	   our	   devices,	   this	   corresponds	   to	   the	   horizontal	   direction.	   Therefore,	   a	  
phase	  pattern	  addressed	  to	  LCoS1	  modulates	  the	  horizontal	  component	  of	  the	  input	  beam.	  A	  
half-‐wave	  plate	  (HWP)	  is	  added	  after	  lens	  L3,	  oriented	  at	  45°,	  to	  transform	  the	  horizontal	  linear	  
polarization	   component	   into	   the	   vertical	   polarization	   component	   and	   vice	   versa.	   Then,	   the	  
beam	   illuminates	   the	   LCoS2	   display.	   A	   phase	   pattern	   addressed	   to	   this	   second	   display	   is	  
therefore	   now	   encoded	   on	   the	   original	   vertical	   polarization	   component	   in	   the	   input	   beam	  
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(which	   was	   unaffected	   by	   LCoS1).	   In	   this	   way,	   the	   two	   orthogonal	   horizontal	   and	   vertical	  
polarization	  components	  of	  the	   input	  beam	  can	  be	   independently	  modulated	  with	  these	  two	  
modulators.	  

Finally,	   the	   Fourier	   transform	   plane	   is	   retrieved	   at	   the	   back	   focal	   plane	   of	   another	  
convergent	  lens	  L4,	  with	  focal	  length	  f=150	  mm,	  and	  a	  microscope	  objective	  (10X)	  produces	  a	  
magnified	  image	  onto	  a	  CCD	  Basler	  piA1000	  60gm	  camera.	  When	  necessary,	  an	  analyzer	  (P3)	  is	  
placed	   in	   between	   the	   objective	   and	   the	   camera	   to	   select	   the	   appropriate	   polarization	  
component.	  

	  
Figure	  1.	  Scheme	  of	  the	  optical	  setup.	  LCoS1	  and	  LCoS2	  are	  two	  liquid-‐crystal	  on	  silicon	  displays,	  with	  the	  liquid	  
crystal	  director	  oriented	  horizontally.	  SF	  is	  a	  spatial	  filter.	  PSG	  is	  an	  input	  polarization	  state	  generator	  composed	  of	  a	  
linear	  polarizer	  and	  a	  quarter-‐wave	  plate.	  A	  4f-‐system	  images	  LCoS1	  onto	  LCoS2.	  A	  CCD	  captures	  the	  magnified	  
images	  by	  an	  objective	  (10X).	  An	  analyzer	  (P3)	  selects	  the	  information	  to	  be	  captured	  in	  the	  CCD	  detector.	  The	  angle	  
β	  is	  11°.	  
	  

	  

Figure	  2.	  Phase	  modulation	  of	  the	  LCoS1	  (VIS	  modulator)	  and	  LCoS2	  (IR	  modulator)	  versus	  addressed	  gray	  level.	  
Dots	  indicate	  experimental	  measurements	  and	  lines	  indicate	  the	  fitting	  curves.	  

	  
3. POLARIZATION	  GRATING	  DESIGN	  

The	   PDGr	   design	   used	   in	   this	   experiment	   has	   been	   previously	   described	   in	   Ref.	   [28].	   It	   is	  
designed	   to	   work	   as	   a	   PSG	   that	   yields	   six	   target	   diffraction	   orders	   k=±1,	   ±2,	   ±3,	   when	   it	   is	  
illuminated	  with	   linearly	   polarized	   light	   oriented	   at	   45º,	   where	   the	   states	   of	   polarization	   in	  
each	  order	  correspond	  to	  linear	  states	  oriented	  at	  0°,	  45°,	  90°	  and	  135°,	  and	  the	  two	  circular	  
right	  (RCP)	  and	  left	  (LCP)	  states.	  	  
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The	   above-‐stated	   polarizations	   are	   generated	   by	   addressing	   a	   different	   phase-‐only	  
diffraction	   grating	   to	   the	   LCoS1	   and	   LCoS2	   displays,	   one	   modulating	   the	   initial	   horizontal	  
polarization	  component	   (Grating	  H)	  and	   the	  other	  modulating	   the	   initial	   vertical	  polarization	  
component	  (Grating	  V).	  Following	  [28],	  these	  phase-‐only	  gratings	  are	  calculated	  as:	  

	   exp iφ x( )( )=
g x( )
g x( )

= Gk exp i2πkx /D( )
k=−∞

+∞

∑ ,	   (1)	  

where	  

	   g(x)= µke
iαk exp(i2πkx /D)

k∈T
∑ .	   (2)	  

Here	   in	  Eq.	   (2)	   the	  summation	   is	  performed	  only	  on	  the	  selected	  set	   (T)	  of	   target	  diffraction	  
orders.	  D	  denotes	  the	  period	  of	  the	  grating.	  µk	  and	  αk	  are	  numerical	  parameters	  that	  must	  be	  
determined	  numerically	  to	  fulfill	  the	  required	  restrictions	  on	  the	  Fourier	  coefficients	  Gk	  of	  the	  
phase	  only	  gratings	  in	  Eq.	  (1).	  These	  Fourier	  coefficients	  are	  complex	  numbers	  

	   Gk = Gk exp iβk( ) .	   (3)	  

Therefore,	   restrictions	   can	   be	   imposed	   on	   the	   intensity	   ik = Gk
2 	   of	   the	   target	   diffraction	  

orders,	  on	  their	  phases	   βk ,	  or	   in	  both	  magnitudes.	  The	  efficiency	  of	  the	  grating	  design	  (η)	   is	  
defined	  as	  the	  summation	  of	  the	  relative	  intensities	  in	  the	  target	  orders,	  i.e.	  [28]:	  

	   η = ik
k∈T
∑ = Gk

2

k∈T
∑ .	   (4)	  

Table	  1	  provides	   the	  numerical	  data	   that	  yields	   the	   specific	  PDGr	  design	  used	   in	   this	  
work.	   It	   is	   composed	  of	   two	  phase-‐only	  gratings,	   each	  one	  producing	   five	  diffraction	  orders.	  
Table	  1	  provides	  also	  the	  information	  about	  the	  restrictions	  in	  the	  relative	  intensities	  and	  the	  
phases	   βk 	   imposed	   on	   each	   phase-‐only	   grating,	   as	   well	   as	   the	   corresponding	   numerical	  

solution	  given	  by	  parameters	  µk	  and	  αk.	  	  

Orders	  k=+2,	  and	  k=-‐2	  are	  present	  only	  in	  the	  V	  and	  H	  gratings,	  respectively	  (see	  Table	  
1).	  This	  way,	  these	  diffraction	  orders	  encode,	  respectively,	  linear	  polarizers	  in	  the	  vertical	  and	  
in	   the	   horizontal	   direction.	   On	   the	   contrary,	   orders	   k=±1,	   and	   k=±3	   are	   present	   in	   both	  
gratings	  and	  have	   the	   same	   intensity,	   equal	   to	  half	   the	   intensity	  of	   the	  orders	  k=±2.	  Orders	  
k=+2,	   and	   k=-‐2	   are	   selected	   in	   the	   corresponding	   grating	   design	   with	   twice	   the	   relative	  
intensity	  as	  the	  other	  target	  orders,	  to	  produce	  a	  PDGr	  where	  all	  six	  diffraction	  orders	  have	  the	  
same	  weight.	  

Because	   orders	   k=±1,	   and	   k=±3	   have	   equal	   contribution	   of	   both	   polarization	  
components,	   they	  encode	   linear	   retarders,	  where	   the	   retardance	   in	  each	  diffraction	  order	   is	  
given	  by	  the	  phase	  difference	  of	  the	  corresponding	  phases	  imposed	  on	  each	  grating,	  i.e.,	  

	   Δk = βk
V −βk

H .	   (5)	  
The	  phases	   βk 	  are	  imposed	  to	  provide	  retardances	   Δ+3 =−π /2 ,	   Δ+1 =−π ,	   2/1 π+=Δ− 	  and	  

03 =Δ− .	  This	  way,	  orders	  k=+3	  and	  k=-‐1	  encode	  quarter-‐wave	  retarders,	  with	  different	  sign	  in	  
the	  retardance,	  while	  order	  k=+1	  encodes	  a	  half-‐wave	  retarder.	  Note	  that	  the	  orientation	  of	  
the	   neutral	   axes	   of	   these	   equivalent	   retarders	   is	   the	   vertical	   and	   the	   horizontal	   directions.	  
Finally,	   order	   k=-‐3	   encodes	   a	   full-‐wave	   retarder,	   thus	   not	   changing	   the	   input	   state	   of	  
polarization.	  	  
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The	  efficiency	  of	  the	  two	  phase	  diffraction	  gratings	  composing	  the	  PDGr	   is	   the	  same,	  
η=87%,	  thus	  meaning	  that	  there	  is	  approximately	  13%	  of	  the	  energy	  contributing	  to	  other	  non-‐
target	  diffraction	  orders.	  

TABLE	  1	  
Constrains	  imposed	  onto	  the	  H	  and	  V	  gratings	  to	  generate	  the	  desired	  PDGr,	  and	  the	  corresponding	  numerical	  

solution.	  The	  efficiency	  in	  both	  gratings	  is	  η =	  87%.	  
	   Grating	  H	   Grating	  V	   	  

Order	   Rel.Int	   β k	   μk	   αk	   Rel.Int	   β k	   μk	   αk	   Δ  
+3	   ½	   -‐3π/4	   1.2691	   5.3103	   ½	   3π/4	   0.8163	   4.1848	   π/2	  
+2	   -‐	   -‐	   -‐	   -‐	   1	   -‐	   1.1748	   0.2646	   -‐	  
+1	   ½	   π/2	   1.2294	   2.9620	   ½	   -‐π/2	   0.9751	   0.2364	   -‐π	  
-‐1	   ½	   -‐π/4	   0.7487	   0.6004	   ½	   π/4	   0.8385	   2.6531	   -‐π/2	  
-‐2	   1	   -‐	   1.4377	   -‐0.5776	   -‐	   -‐	   -‐	   -‐	   -‐	  
-‐3	   ½	   0	   0.8603	   1.4055	   ½	   0	   0.7366	   1.6691	   0	  

	  

Figure	  3	  shows	  the	  phase	  profile	  for	  the	  H	  and	  V	  phase–only	  gratings	  respectively,	  as	  a	  
function	  of	  the	  spatial	  coordinate	  x	  along	  one	  period	  D	  of	  the	  gratings.	  Modulators	  LCoS1	  and	  
LCoS2	   respectively	   must	   encode	   these	   non-‐linear	   continuous	   profiles.	   The	   correct	  
reproduction	  of	  these	  phase	  profiles	  in	  pixelated	  displays	  requires	  large	  periods	  in	  the	  grating,	  
since	   enough	   pixels	   per	   period	   are	   necessary	   to	   reproduce	   these	   profiles	   with	   enough	  
accuracy.	  The	  use	  of	  high-‐resolution	  displays	  as	  the	  LCoS	  devices	  used	  in	  this	  work	  represents	  
an	   improvement	  with	   respect	   to	   the	  previous	   system	   in	  Ref.	   [28].	   The	   grating	  period	   in	   this	  
work	  is	  selected	  to	  be	  of	  50	  pixels,	  thus	  the	  PDGr	  has	  a	  period	  of	  400	  µm.	  

	  
Figure	   3.	   Phase	   profiles	   in	   one	   period	   of	   the	   gratings	   displayed	   in	   modulators	   LCoS1	   (H	   grating)	   and	   LCoS2	   (V	  
grating)	  to	  compose	  the	  PDGr.	  
	  

4. CALIBRATION	  OF	  THE	  PDGr	  POLARIMETER	  

The	  polarization	  design	  described	  in	  section	  3	  shows	  how	  to	  generate	  a	  particular	  polarization	  
basis	  by	  means	  of	  a	  PDGr.	  In	  this	  section,	  the	  idea	  is	  to	  use	  the	  system	  in	  reverse	  sense.	  Hence	  
we	   are	   setting	   a	   basis	   of	   polarization	   analyzers	   (PAs)	   that	   defines	   our	   polarization	   state	  
detector.	  To	  this	  aim,	  note	  that	  the	  final	  linear	  analyzer	  (P3	  in	  the	  system	  in	  Fig.	  1),	  oriented	  at	  
45°,	   is	   required	   in	   the	   system.	   In	   particular,	   since	   the	   PDGr	   generates	   six	   diffraction	   orders,	  
each	  one	  reproducing	  a	  given	  polarization	  element	  (two	  linear	  polarizers	  oriented	  horizontally	  
and	  vertically,	  and	  four	  retarders),	  we	  therefore	  have	  six	  different	  polarization	  state	  analyzers	  
(PAs)	  acting	  simultaneously.	  	  

To	   test	   the	   PDGr	   polarimeter,	   we	   select	   different	   states	   of	   polarization	   in	   the	   input	  
beam	  by	  properly	  adjusting	  the	  PSG	  elements	  in	  Fig.	  1.	  We	  choose	  to	  calibrate	  the	  polarimeter	  
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with	  the	  six	  cardinal	  states:	   input	   linear	  states	  oriented	  at	  0°,	  45°,	  90°	  and	  135°,	  and	  the	  two	  
circular	  states	  RCP	  and	  LCP.	  Figure	  4	  presents	  the	  corresponding	  images	  captured	  at	  the	  CCD	  
camera	   for	  each	  of	   these	   input	  polarizations.	  The	  PAs	  expected	   in	  each	  diffraction	  order	  are	  
indicated	   on	   the	   bottom	   of	   the	   image.	   Note	   that	   the	   PDGr	   generates	   six	   fixed	   diffraction	  
orders,	   but	   the	   intensity	   in	   each	   order	   depends	   on	   the	   specific	   input	   state	   of	   polarization.	  
Therefore,	   these	  arrays	  of	   intensities	  detected	  at	   the	  CCD	  camera	  can	  be	  understood	  as	   the	  
simultaneous	  projection	  of	  the	  input	  polarization	  on	  the	  six	  PAs	  basis	  set	  by	  the	  PDGr.	  	  

For	  instance,	  when	  the	  input	  polarization	  is	  linear	  and	  vertical,	  Fig.	  4(a),	  the	  diffraction	  
order	  k=-‐2	  vanishes,	  while	  the	  diffraction	  order	  k=+2	  is	  the	  strongest	  one.	  This	  is	  in	  agreement	  
with	   the	   expected	   realization	   of	   horizontal	   and	   vertical	   linear	   polarizer	   analyzers	   at	   these	  
orders	  respectively.	  The	  other	  four	  orders,	  k=-‐3,	  -‐1,	  +1	  and	  +3,	  show	  approximately	  the	  same	  
intensity,	   half	   of	   the	   intensity	   in	   order	   k=+2.	   Again,	   this	   is	   in	   accordance	  with	   the	   expected	  
actuation	   of	   different	   linear	   retarders	   in	   these	   four	   orders.	   Note	   that,	   since	   the	   vertical	  
direction	  coincides	  with	  a	  neutral	  axis	  in	  the	  retarders	  encoded	  in	  these	  four	  orders,	  the	  input	  
polarization	   is	   not	   modified,	   and	   it	   is	   projected	   with	   half	   intensity	   to	   the	   final	   analyzer	   P3	  
oriented	  at	  45°.	  

	  
Figure	  4.	  CCD	  captures	  for	  the	  calibration	  of	  the	  PDGr	  polarimeter	  with	  six	  different	  input	  states	  of	  polarization	  
(SOP)	  indicated	  in	  the	  left.	  The	  polarization	  analyzers	  (PAs)	  for	  each	  diffraction	  order	  are	  drawn	  on	  the	  bottom.	  	  

	  

For	   the	   other	   input	   states	   of	   polarization	   shown	   in	   Fig.	   4,	   the	   intensities	   at	   the	   six	  
diffraction	  orders	   follow	   the	   expected	  behavior.	   In	   each	   case,	   there	   is	   one	  bright	   diffraction	  
order	   that	   corresponds	   to	   the	   positive	   detection	   of	   the	   input	   polarization,	   four	   diffraction	  
orders	   with	   equal	   intensity,	   and	   a	   diffraction	   order	   that	   is	   cancelled,	   corresponding	   to	   the	  
polarization	   orthogonal	   to	   the	   input	   one.	   The	   six	   PAs	   allow,	   in	   principle,	   a	   snapshot	   and	  
complete	  measurement	  of	  the	  input	  Stokes	  parameters	  by	  simply	  subtracting	  the	  intensities	  in	  
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the	  pair	  of	  diffracted	  orders	  corresponding	  to	  orthogonal	  analyzers,	  as	  indicated	  in	  the	  bottom	  
of	  the	  figure.	  

However,	  although	  the	  results	   in	  Fig.	  4	  show	  qualitatively	  the	  expected	  behavior,	  the	  
actual	  quantitative	  values	  might	  show	  discrepancies.	  There	  are	  several	  factors	  that	  affect	  these	  
results:	  the	  accuracy	  in	  the	  reproduction	  of	  the	  phase-‐only	  gratings	  composing	  the	  PDGr,	  the	  
phase	   modulation	   quality	   of	   the	   employed	   LCoS	   displays	   (which	   are	   affected	   by	   phase	  
fluctuations	   [35]),	   the	   number	   of	   pixels	   used	   to	   encode	   the	   continuous	   phase-‐only	   gratings,	  
the	  quality	  of	  the	  optical	  elements	  in	  the	  system,	  etc.	  Therefore,	  in	  order	  to	  consider	  all	  these	  
effects	  for	  a	  practical	  application	  of	  such	  PDGr	  polarimeter,	  a	  quantitative	  precise	  calibration	  
must	  be	  performed.	  

There	  exists	  different	  means	  to	  calibrate	  the	  analysis	  matrix	  A,	  the	  matrix	  whose	  rows	  
represent	   the	   different	   polarization	   analyzers	   of	   a	   Stokes	   polarimeter.	   The	   calibration	  
procedure	   used	   here	   is	   given	   next	   in	   detail,	   and	   follows	   an	   inversion	   procedure,	   as	   those	  
described	  in	  Refs.	  [1,36].	  First,	  we	  define	  the	  S	  matrix,	  whose	  rows	  define	  the	  Stokes	  vectors	  
corresponding	  to	  the	  six	  selected	  input	  states	  of	  polarization	  used	  in	  Fig.	  4,	  i.e.:	  
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S .	   (6)	  

Then,	   for	   each	   of	   these	   input	   states,	   the	   intensity	   at	   the	   six	   diffraction	   orders	   is	  measured.	  
These	   values	   are	   retrieved	   from	   the	   images	   shown	   in	   Fig.	   4.	   This	   leads	   to	   the	   flux-‐matrix	   I,	  
which	  is	  a	  6×6	  matrix	  that	  contains	  the	  measured	  intensities	  at	  each	  of	  the	  6	  diffraction	  orders,	  
for	  each	  of	  the	  six	  input	  states	  of	  polarization	  (SOPs)	  used	  in	  the	  calibration.	  Matrices	  I	  and	  S	  
are	  related	  by	  the	  following	  linear	  system:	  

	   SAI ⋅= ,	   (7)	  
where	  A	   is	  the	  analysis	  matrix,	  in	  this	  case	  a	  6×4	  matrix	  that	  defines	  the	  action	  of	  the	  six	  PAs	  
elements	   in	  our	  experimental	  PDGr	  polarimeter	   system.	  The	  analysis	  matrix	  can	  be	  explicitly	  
determined	  as	  [36]:	  

	   A = I⋅St ⋅ S ⋅St( )
−1
,	   (8)	  

where	  t	  indicates	  the	  transposed	  matrix,	  and	   ( ) 1−⋅⋅ tt SSS is	  the	  pseudo-‐inverse	  of	  the	  S  matrix.	  	  

Thus,	   the	   matrix	   A	   was	   determined	   numerically	   according	   to	   Eq.	   (8),	   from	   the	  
experimental	  data	  in	  Fig.4	  (i.e.,	  matrix	  I),	  and	  the	  result	  we	  obtained	  is:	  

	   A =

1.43 0.10 0.83 0.05
1.13 −0.97 −0.15 0.40
1.76 0.30 0.23 1.52
1.32 0.19 −0.67 −0.42
1.37 1.33 −0.24 −0.08
1.77 0.17 0.85 −0.99
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.	   (9)	  

Once	   the	   analysis	   matrix	   A	   is	   calibrated,	   an	   unknown	   input	   polarization	   (described	   by	   its	  
Stokes	  vector	  S)	  can	  be	  determined	  by	  experimentally	  measuring	  the	  intensity	  matrix	  I	   in	  Eq.	  
(7)	   and	   by	   mathematically	   inverting	   the	   matrix	  A.	   However,	   performing	   the	   inverse	   of	   the	  
matrix	  A,	   introduces	  a	  certain	  amount	  of	  experimental	  noise	   that	  can	  be	  amplified	   from	  the	  
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intensity	  matrix	  I	  to	  the	  final	  measurement	  of	  the	  Stokes	  parameters	  S.	  To	  estimate	  the	  quality	  
of	   the	  analysis	  matrix	  A	   in	   terms	  of	  noise	  amplification,	  different	  well-‐known	  metrics,	  as	   the	  
conditional	  number	  (CN)	  or	  the	  equally	  weighted	  variance	  (EWV)	  indicator	  can	  be	  used	  [37].	  In	  
this	  work,	  we	  use	  the	  conditional	  number,	  which	  is	  defined	  as	  [38]	  	  

	   CN A( )= σmax

σmin
.	   (10)	  

where	  σmax	   and	  σmin	   are,	   respectively,	   the	  maximum	   and	  minimum	   singular	   values	   different	  
from	   zero	   of	   matrix	  A.	   Minimizing	   this	   parameter	   leads	   to	   the	   optimal	   system	   in	   terms	   of	  
polarimeter	  measurements.	  	  

The	  CN	  for	  the	  ideal	  analysis	  A  matrix	  calculated	  from	  the	  theoretical	  PAs	  basis	  set	  by	  
our	   PDGr	   polarimeter	   is	   CN=1.73,	   i.e.,	   the	   best	   possible	   value	   achievable	   for	   polarimetric	  
systems	   [3,37].	   In	   the	   case	   of	   the	   experimentally	   measured	   A	   matrix	   (Eq.	   (9)),	   the	  
corresponding	   conditional	   number	   is	  CN=2.97	  which	   is	   close	   to	   the	  best	   situation	   (CN=1.73)	  
and	  comparable	  with	  our	  previous	  system	  using	  sequential	  measurements	  [27].	  

The	   experimental	   conditional	   number	   of	   the	   implemented	   system	   ensures	   a	   good	  
polarimeter	   performance	   in	   terms	   of	   noise	   amplification.	   However,	   if	   an	   even	   better	  
conditioning	  is	  required,	  the	  system	  may	  be	  further	  optimized.	  In	  fact,	  as	  stated	  above,	  one	  of	  
the	  main	  discrepancies	  between	  the	  theoretical-‐experimental	  CN	  values	  is	  related	  to	  the	  time-‐
fluctuations	   phenomenon	   occurring	   in	   some	   LCoS	   displays	   and	   discussed	   in	   Ref.	   [35].	   These	  
fluctuations	  modify	   the	  LCoS	  performance	  changing	  the	  addressed	  PDGr	  as	  a	   function	  of	   the	  
time,	  especially	  in	  the	  case	  of	  the	  IR-‐based	  LCoS	  display	  (we	  are	  using	  a	  wavelength	  outside	  the	  
recommended	   wavelength	   range).	   This	   situation	   could	   be	   improved	   by	   using	   two	   LCoS	  
optimized	   for	   the	   operating	   wavelength,	   and	   by	   applying	   some	   of	   the	   available	   methods	  
devised	  to	  decrease	   the	  effect	  of	   the	  phase	   fluctuations	   [39,40].	  However,	  as	  we	  show	  next,	  
the	  obtained	  experimental	  CN	   is	   suitable	  enough	   to	  ensure	  polarimetric	  measurements	  with	  
small	   values	   of	   noise	   amplification,	   and	   therefore,	   to	   prove	   the	   suitability	   of	   the	   PDGr	  
polarimeter	  to	  perform	  polarimetric	  metrology.	  

	  

5.	  RESULTS	  AS	  A	  SNAPSHOT	  POLARIMETER	  

In	   this	   section,	  we	   present	   the	   application	   of	   the	   previously	   calibrated	   PDGr	   polarimeter	   to	  
take	   snapshot	   punctual	   Stokes	   polarimetric	  measurements.	   For	   that	   purpose,	   we	   illuminate	  
the	  system	  with	  an	  unknown	  state	  of	  polarization	  (labeled	  with	  the	  subscript	  m),	  and	  measure	  
the	   intensities	   detected	   at	   each	   of	   the	   six	   target	   diffraction	   orders.	   The	   result	   is	   a	   Im	   (6x1)	  
matrix,	  which	  is	  related	  to	  the	  Stokes	  parameters	  (Sm,	  4x1	  matrix)	  by	  the	  calibrated	  A  matrix,	  

	   Im =A ⋅Sm ,	   (11)	  
This	  matrix	   relation	   can	   be	   inverted	   to	   directly	   provide	   the	   Stokes	   parameters	   of	   the	   input	  
beam	  as	  	  

	   Sm = At ⋅A( )
−1
At ⋅Im = !A

−1 ⋅Im ,	   (12)	  

where	  the	  matrix	   ( ) tt AAAA
11~ −− ⋅= 	   is	  the	  pseudo-‐inverse	  matrix	  of	  the	  A	  matrix.	  The	  Stokes	  

parameters	   Sm 	   is	   the	   experimental	   polarimetric	   measurement.	   The	   azimuth	   angle	   (α)	   and	  

ellipticity	  angle	  (ε)	  are	  calculated	  from	  them	  as	  [41]:	  
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	   tan 2α( )= S2
S1

,	   (13)	  

	   sin 2ε( )= S3 ,	   (14)	  
and	  the	  angle	  and	  phase	  between	  the	  electric	  field	  components	  are	  calculated	  as	  

	   tan 2χ( )=
S2
2+S3

2

S1
,	   (15)	  

	   tan δ( )= S3
S2

,	   (16)	  

	   To	   test	   the	   polarimeter	   performance,	   we	   first	   selected	   the	   input	   PSG	   to	   reproduce	  
three	   of	   the	   states	   of	   polarization	   selected	   for	   the	   polarimeter	   calibration:	   horizontal	   linear	  
polarization,	   linear	   polarization	   oriented	   at	   45°,	   and	   left	   circular	   polarization.	   The	  
corresponding	  results	  are	  presented	  in	  Fig.	  5.	  The	  figure	  shows	  the	  polarization	  ellipse	  as	  well	  
as	   the	   representation	   in	   the	   Poincaré	   sphere.	   In	   addition,	   each	   analyzed	   case	   shows	   the	  
theoretical	   expected	   result,	   in	   blue,	   superimposed	   with	   the	   experimentally	   measured	  
polarization	  state,	  in	  red.	  The	  agreement	  is	  almost	  perfect,	  as	  it	  should	  be	  expected	  since	  these	  
states	  were	  used	  for	  the	  calibration	  of	  the	  system.	  

	  
	  
Figure	  5.	  Performance	  of	   the	  polarimeter	   for	  SOPs	  used	   in	   the	  calibration	  process:	  Linear	  0°,	  45°	  and	   left	  circular	  
polarizations.	   Blue	   points	   and	   lines	   are	   theoretical	   results.	   Red	   points	   and	   lines	   are	   the	   experimental	   results	  
obtained	  from	  polarimeter	  information.	  
	  
	   Next,	   we	   further	   explored	   the	   polarimeter	   performance	   by	   measuring	   input	   SOPs	  
different	  from	  those	  used	  in	  the	  calibration.	  Two	  different	  arbitrary	  input	  SOPs	  were	  selected	  
by	   modifying	   the	   orientation	   of	   the	   optical	   elements	   in	   our	   PSG	   system.	   Table	   2	   gives	   the	  
values	   for	   these	   two	   configurations.	   In	   the	   first	   one	   (SOP1),	   the	   input	   polarizer	   P1,	   and	   the	  
input	  quarter-‐wave	  plate	  QWP	  in	  the	  PSG	  (see	  Fig.	  1)	  are	  both	  oriented	  with	  an	  angle	  of	  120°,	  
thus	   SOP1	   is	   a	   linear	   state	  with	   an	   azimuth	  of	   120°.	   In	   the	   second	   configuration	   (SOP2),	  we	  
selected	  P1	  with	  an	  angle	  zero,	  while	  the	  QWP	  is	  oriented	  at	  30°.	  The	  resulting	   input	  state	   is	  
therefore	  an	  elliptical	  state	  with	  an	  azimuth	  and	  ellipticity	  angles	  both	  of	  30°.	  

	   Figure	   6	   shows	   the	   experimental	   polarimetric	   measurements	   obtained.	   Figures	   6(a)	  
and	  6(d)	  show	  the	  image	  captured	  at	  the	  CCD	  camera	  for	  these	  two	  input	  SOPs	  respectively.	  In	  
both	  cases,	  the	  six	  target	  diffraction	  orders	  are	  clearly	  visible,	  although	  their	  relative	  intensities	  
are	  different	   in	  each	  case.	  From	  these	  recorded	  intensities,	  the	  SOP	  is	  calculated	  numerically	  
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using	  Eqs.	  (12)-‐(14).	  Figures	  6(b)	  and	  6(c)	  show	  the	  polarization	  ellipse	  and	  its	  representation	  in	  
the	  Poincaré	   sphere	   for	   SOP1.	  Again,	   in	  blue	  we	   indicate	   the	  expected	   state,	   and	   in	   red	   the	  
measured	  one.	  Figures	  6(e)	  and	  6(f)	  show	  the	  equivalent	  results	  for	  SOP2.	  Finally,	  Table	  2	  gives	  
the	   retrieved	   experimental	   values,	   which	   show	   a	   very	   good	   agreement	  with	   the	   theoretical	  
values.	   Thus,	   all	   these	   results	   validate	   the	   performance	   of	   the	   proposed	   new	   grating	  
polarimeter.	  

TABLE	  2	  
Theoretical	  and	  experimental	  states	  of	  polarization	  of	  the	  two	  PSG	  configurations	  selected	  to	  verify	  the	  

performance	  of	  the	  PDGr	  snapshot	  polarimeter.	  
SOP1	  (P1:	  120°;	  QWP:	  120°)	   SOP2	  (P1:	  0°;	  QWP:	  30°)	  

	   Theory	   Experiment	   	   Theory	   Experiment	  
Azimuth	  (α)	   -‐60.0°	   -‐60.6°	   Azimuth	  (α)	   30.0°	   31.5°	  
Ellipticity	  (ε)	   0.0°	   -‐1.4°	   Ellipticity	  (ε)	   30.0°	   29.0°	  
Angle	  (χ)	   60.0°	   60.5°	   Angle	  (χ)	   37.7°	   38.1°	  
Phase	  (δ)	   180.0°	   -‐176.7°	   Phase	  (δ)	   63.4°	   60.8°	  

	  
Figure	  6.	   Experimental	   results	   to	   validate	   the	  PDGr	  polarimeter	  performance	  using	   input	   SOPs	  different	   to	   those	  
employed	  in	  the	  calibration.	  SOP1:	  linear	  polarization	  with	  azimuth	  of	  120°.	  (a)	  Experimental	  diffraction	  orders,	  (b)	  
polarization	   ellipse,	   and	   (c)	   Poincaré	   sphere	   representation.	   SOP2:	   elliptical	   polarization	  with	   azimuth	  of	   30°	   and	  
ellipticity	  of	  30°.	  (d)	  Experimental	  diffraction	  orders,	  (e)	  polarization	  ellipse,	  and	  (f)	  Poincaré	  sphere	  representation.	  
Points	  and	  lines	  in	  blue	  and	  red	  indicate	  theoretical	  and	  experimental	  values	  respectively.	  
	  

	  

	  



12	  
	  

6.	  CONCLUSIONS	  

In	  summary,	  we	  have	  experimentally	  presented	  and	  validated	  a	  new	  type	  of	  snapshot	  punctual	  
polarimeter	   based	   on	   the	   generation	   of	   a	   PDGr.	   Since	   the	   polarization	   measurements	   are	  
obtained	   almost	   instantaneously	   (only	   limited	   by	   the	   refresh	   rate	   of	   the	   CCD	   camera),	   the	  
proposed	  prototype	  may	  find	  interest	  in	  real-‐time	  applications.	  We	  have	  applied	  a	  PDGr	  design	  
previously	   reported	   in	   [28],	   but	   we	   have	   used	   a	   different	   optical	   architecture	   with	   a	   Z	  
configuration,	  that	  uses	  two	  commercial	  LCoS	  spatial	  light	  modulators	  (unlike	  Ref.	  [28],	  where	  
a	   non-‐commercial	   transmissive	   parallel-‐aligned	  display	  was	   employed).	   The	   two	  displays	   are	  
used	  to	  independently	  encode	  two	  phase-‐only	  diffraction	  gratings	  on	  two	  orthogonal	  states	  of	  
polarization.	  The	  gratings	  are	  specifically	  designed	  to	  yield	  a	  combined	  polarization	  diffraction	  
grating	  that	  generates	  six	  diffraction	  orders.	  Each	  of	  these	  diffraction	  orders	  encode	  a	  different	  
polarization	  state	  analyzer,	  that	  correspond	  to	  the	  six	  states	  typically	  employed	  in	  polarimetric	  
measurements:	  linear	  states	  at	  0°,	  45°,	  90°	  and	  135°,	  and	  the	  two	  circular	  states.	  

The	  use	  of	   LCoS	  displays	   is	   interesting	   since	   they	  provide	  a	  better	   spatial	   resolution,	  
with	   larger	  number	  of	  pixels	  and	  smaller	   size.	  Therefore,	   they	  can	   implement	   the	  PDGr	  with	  
more	  pixels	  per	  period	  and	  consequently	  better	  efficiency	  and	  quality	  of	  the	  PDGr	  is	  achieved.	  

We	   performed	   a	   quantitative	   calibration	   of	   the	   polarimeter	   system	   to	   calculate	   its	  
performance.	   An	   experimental	   value	   of	   the	   conditional	   number	  CN=2.97	  was	   obtained.	   The	  
polarimeter	  has	  been	  validated	  experimentally,	  providing	  errors	   in	  the	  azimuth	  and	  ellipticity	  
angles	   less	   than	   2°.	   This	   level	   of	   accuracy	   makes	   the	   proposed	   PDGr-‐based	   polarimeter	  
interesting,	   especially	   because	   of	   the	   great	   flexibility	   provided	   by	   the	   use	   of	   programmable	  
LCoS	  displays.	   For	   instance,	   it	   can	  be	  very	  easily	  adapted	   to	  different	  wavelengths	   simply	  by	  
changing	  the	  gray	  levels	  used	  in	  the	  grating.	  	  
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