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In this work we show the capability to form various q-plate equivalent systems using combinations of 
commercially available q-plates. We show operations like changing the sign of the q-value, or the addition and 
subtraction of q-plates. These operations only require simple combinations of q-plates and half-wave plates. 
Experimental results are presented in all cases. Following this procedure, experimental testing of higher and 
negative q-valued devices can be carried out using commonly available q-valued devices. © 2016 Optical Society of 
America 
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1. INTRODUCTION 
Optical retarder elements with azimuthal rotation of the principal axes 
are receiving a great deal of attention because they can create 
cylindrically polarized vector beams, and can transfer orbital angular 
momentum (OAM) to light [1]. Both OAM and vector beam 
multiplexing are under investigation for optical communication 
applications [2-5]. Radially and azimuthally polarized beams, which 
are the most common versions of vector beams [6,7] have attracted 
much attention for their sharper focusing [8,9]. Furthermore, because 
of their axial electric and magnetic field distribution, they find also 
interesting applications in optical tweezing [10], materials processing 
[11] or super-resolution microscopy [12]. 

These cylindrically polarized beams can be generated using q-
plates which are half-wave retarders where the principal axis rotates 
with the azimuth angle. These devices can be fabricated with special 
liquid crystal patterns [13-17], or by means of local polarization 
transformation of metasurfaces [18-20]. 

In all cases, the q-plate value is fixed in the fabrication process. 
Therefore, if the q-value must be changed, another q-plate is required. 
In Ref. [21] we demonstrated a system where the q-value is doubled by 
using a reflective geometry where light passes twice through the 
device. A quarter-wave plate (QWP) was required in between the q-
plate and the mirror to yield this doubling q-value effect. Another 
option employs an SLM to encode q-plates. In this case any q-value can 
be programmed. However, this requires an expensive pixelated device, 
and an optical architecture to modulate the two electric field 
components [22,23]. 

Commercial q-plates are now available with typical q-values of 
q=1/2 and q=1. Therefore, it is interesting to investigate whether these 

q-plates can be combined in order to generate equivalent devices of 
different q-values to allow experimentation before purchasing the 
target devices. For example, two metasurface q-plate elements were 
combined in [24]. The addition and subtraction of OAM was shown for 
input circularly polarized light. This mechanism was then applied in a 
system using two q-plates [25], or an SLM and a q-plate [26], to 
generate a vector vortex beam, i.e. a vector beam that exhibits different 
topological charge in the two circular polarization components. The 
first q-plate was used to generate a scalar vortex beam, which then 
illuminates a second q-plate. The resulting vector vortex beam is 
different of the usual pure vector beams generated with a q-plate 
illuminated with a homogenous polarization, that shows the same 
charge but with opposite sign in the two circular polarization 
components. 

In this work we analyze the general performance of q-plate devices 
placed in cascade, and show their arithmetic properties. We use the 
Jones matrix formalism to demonstrate that the sign of the q-plate can 
be reversed simply by placing the q-plate in between two half-wave 
plates (HWP). Then we extend the study in [24] by showing that a 
system composed of two q-plates in cascade followed by a half-wave 
retarder (HWP) is equivalent to an effective q-plate device where the q 
values subtract. Instead, if the HWP is placed in between the two q-
plates, then the q-values add. With this scheme for obtaining equivalent 
q-plate systems with reduced or enhanced q values, not only the 
subtraction and summation of OAM is achieved, but we can generate 
all the vector beams corresponding to the effective charge q. We use 
these properties to build different q-plate systems with q values 
ranging from +2.5 to -2.5 in steps of 0.5, using just three individual q-
plates. The experimental results validate the theory. 

The paper is organized as follows. After this introduction, Section 2 
briefly reviews the q-plate device and its operation. In Section 3 we 



mathematically demonstrate useful decompositions of the q-plate 
matrix to perform sign inversion, addition and subtraction of q-values, 
and experimentally validate them. Then, in section 4 the above-
mentioned properties are applied to obtain effective q-plate systems of 
ten different q-values using only three devices. Finally, Section 5 
contains the conclusions of our work. 

2. REVIEW OF THE Q-PLATE OPERATION 
The q-plate consists of a linear phase plate retarder with a retardance 
of π radians where the principal axis of the retarder follows q times the 
azimuthal angle θ. The Jones matrix for this device is given by [13]: 
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These q-plates are sometimes defined by the topological charge that 

they add to the light beam, q2 , instead of by their order q; we will 

use both notations in this work. 
The experimental system is similar to the system we used for a 

single q-plate [27]. Light from a He-Ne laser was spatially filtered and 
collimated. To generate and detect linearly or circularly polarized light, 
we used high quality linear polarizers and wave plates from 
Meadowlark Optics. We used commercially available q-plates from 
Thorlabs, identified as vortex half-wave plates. We use two plates with 
q=1 and one with q=1/2. To verify the circular polarization states, we 
used two R and L circular polarizer sheets from Aflash 
Photonics.  The transmitted light was sent to a camera. 

Figure 1 gives a quick review of the characteristic properties of the 
q-plate where q=1/2 when illuminated and analyzed with a limited 
number of polarization states. More extensive results are given in [27]. 
Figures 1(b), 1(c) and 1(d) show the experimental results obtained 
when the q-plate is illuminated with linearly polarized light vertically 
oriented, oriented at 45º, and with right circular polarization, 
respectively. For each case, we capture the beam without analyzer (No 
Ana), and by adding a linear analyzer that is oriented vertically, at 45º, 
horizontally, at 135º, and with left circular polarization (LCP) and right 
circular polarization (RCP) analyzers. Note that these six images can be 
used directly to calculate the corresponding Stokes parameters images, 
as presented for instance in Ref. [20]. 

In order to better understand the images, the polarization pattern 
is drawn superimposed to the image without analyzer. When 
illuminated with vertically polarized light, the output is radially 
polarized (Fig 1(b)). This is shown by the bright areas that appear 
when the linear polarizer is used as analyzer. Note how they are 
aligned with the analyzer’s orientation. If the incident light is rotated by 
45 degrees, then we see that the bright areas rotate in the same 
direction as the analyzer (Fig. 1(c)). Finally, when illuminated with 
RCP, the beam shows uniform intensity for all orientations of the linear 
analyzer, while maximum brightness is observed for the LCP analyzer 
and total extinction occurs when using the RCP analyzer. This confirms 
that under RCP illumination the output becomes LCP with an 
azimuthal phase of q2 . This azimuthal phase is seen as a vortex 

dark spot in the center of the pattern. However, in Fig. 1(d) it is too 
small to be resolved. 

Similar results are obtained with higher order q-plate values [27]. 
Next, we examine useful decompositions of the q-plate matrix 
representation that allow us to obtain addition and subtraction 
arithmetic effects. 

 

 

Fig. 1. Scheme for a single q-plate (a) and resulting experimental 
polarization patterns for q=1/2. The device transforms (b) vertical 
linear polarization into radial polarization, (c) linearly polarized light at 
45º into slanted polarization, and (d) RCP into LCP plus an azimuthal 
phase.  

3. DECOMPOSITION OF Q-PLATES 
The q-plate matrix of Eq. (1) can be decomposed in two ways: 
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are, respectively, the Jones matrix for an aligned half-wave plate (HWP) 
and the rotation matrix. We follow the convention in Ref. [28] for Jones 
matrices. 

Note the two different Jones matrix decompositions in Eq. (2). In 
the first case, light goes first through the positive rotation matrix and 
then passes through the aligned HWP. Alternatively, the q-plate matrix 
is decomposed as first a HWP followed by a negative rotation matrix.  

3.1. Changing the sign of the q-plate 
A positive q-plate can be converted to a negative q-plate simply by 
placing a HWP on both sides as shown in Fig. 2(a). 

Using the first decomposition of Eq. (2), this would be written as 

                            HWPMHWPRHWPM  qqq 2                 (4) 

where we used that the product of two HWPs is the identity matrix. 
Figure 2 shows experimental results corresponding to this 

situation, where again we consider the q-plate with q=1/2. The major 
difference when comparing to Fig. 1 occurs when the q-plate system is 
illuminated with linear vertical polarization, and we analyze the vector 
beam with the linear polarizer oriented at ±45 degrees. In Fig. 1, the 
bright areas rotate in the same sense as the linear analyzer rotates 
(counterclockwise). However, for the negative q-plate, the bright areas 
rotate clockwise. This agrees with the expected polarization patterns, 
which once again are superimposed on the images captured without 
analyzer. Note too that the light emerging from the system is again LCP 
when illuminated with RCP (Fig. 2(d)), as it is expected for a q-plate 
device.  



Fig. 2. Scheme for the system changing the sign of a q-plate (a) and 
experimental polarization patterns for q=1/2 when illuminated with: 
(b) vertical linear polarization, (c) linearly polarized light at 45º, and 
(d) RCP.  

3.2. Adding two q-plates 
We can add two q-plates simply by inserting a HWP between them as 
shown in Fig. 3. In this case, the system would be represented as in Eq. 
(5): 
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where again we used Eq. (2), the fact that two consecutive rotation 
matrices are equivalent to a single rotation of the added rotation 
angles, and the property that two HWPs give the identity matrix. Note 
that the approach used in Ref. [21] to double the charge of a q-plate in a 
reflective geometry essentially implements the system in Eq. (5), but 
using a quarter-wave plate in reflection to act as a HWP.  

Experimental results for this system are shown in Figs. 3(b) and 
3(c). The first case corresponds to the addition of two q-plates with 
values of q=1/2 and q=1, while the second case shows the addition of 
two q-plates having both values of q=1. Therefore, the resulting q-plate 
systems have q-values q=3/2 and q=2 respectively. For simplicity we 
only show the results when the incident polarization is vertical.  

 

Fig. 3. System for adding two q-plates (a) and resulting experimental 
polarization patterns when illuminated with vertical linear 
polarization: (b) Addition of q=1 and q=1/2, (c) Addition of two q-
plates with q=1.  

We see two effects. First, the singularity in the center becomes 
larger as the sum of topological charges in the emerging beams 

increases from 3  to 4 , where )(2 21 qq  . This was 

basically not observed in prior examples in Figs. 1 and 2 because the 
resolution of the camera was too small. And more evidently, when 
viewed between two linear polarizers, we now see 6 and 8 bright 
areas, respectively, corresponding to 2 . Finally, also note that, since 

the two added q-plates are positive, the resulting q-plate is also 
positive, as it can be verified by following the rotation of the bright 
areas in Figs. 3(b) and 3(c), which rotate in the same sense as the linear 
analyzer does. 

3.3. Subtracting two q-plates 
We can subtract two q-plates by inserting a HWP after them as shown 
in Fig. 4(a). In this case, the system would be represented as: 
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where we used the properties in Eq. (2) and (4). 
The corresponding experimental results are shown in Figs. 

4(b) to 4(d) for two cases. First, when the two q-plates have 
identical values, they subtract yielding a zero polarization 
distribution (Fig. 4(b)). In this case we used the two q-plates 
with q=1. As a result there is no modification in the state of 
polarization, which remains homogeneously linearly polarized 
along the vertical direction. Note that the singularity is clearly 
visible. This can be caused either if the two q-plates are not 
exactly centered or if they are too far apart. In the latter case, 
the Fresnel diffraction from the first might be larger than the 
second. The singularity can be reduced with more perfect 
alignment, but we feel it is adequately small in these images. 

In the second case we use q=1/2 and q=1. This situation 
shows the importance of the order in which the devices are 
placed. In Fig. 4(c), the plate with q=1 is placed first, so the 
resulting q-plate system has value q=+1/2. On the contrary, 
when the plate with q=1/2 is placed first (Fig. 4(d)), the 
resulting q-plate has the opposite value q=1/2. As before, the 
change in the sign is revealed in Fig. 4(d) by the bright areas 
rotating in the opposite sense as the linear analyzer rotates. 

 

Fig. 4. System for subtracting two q-plates (a) and resulting 
experimental polarization patterns when illuminated with vertical 
linear polarization: (b) Subtraction of two q=1 plates; (c) Subtraction of 
q=1 and q=1/2 plates; (d) Subtraction of q=1/2 and q=1 plates.  



4. Full q-spectrum 
Finally, using the techniques discussed above, and two q-plates with 
q=1 and one q-plate with q=1/2, we show ten different combinations 
where the sum ranges from +5/2 to 5/2 in steps of 1/2, ignoring the 
null q=0, which is trivial. Table I summarizes the different 
combinations required to obtain these equivalent q-plate systems. The 
corresponding experimental results are presented in Fig. 5. For brevity, 
we only show the results when placing the system between a linear 
vertical polarizer and a linear analyzer oriented at 45º. The number of 
bright areas is twice the value of the topological charge generated. In 
addition, their counterclockwise (or clockwise) rotation indicates the 
positive (or negative) sign of the q-value. Results agree with theory in 
all cases. 

TABLE I. 
Different systems employed to generate equivalent q-plates with 

different q-values 
q-value System 
+2.5 Q1/2 HWP Q1 HWP Q1 
+2 Q1 HWP Q1 
+1.5 Q1/2 HWP Q1 
+1 Q1 
+0.5 Q1/2 
-0.5 HWP Q1/2 HWP 
-1 HWP Q1 HWP 
-1.5 HWP Q1/2 HWP Q1 HWP 
-2 HWP Q1 HWP Q1 HWP 
-2.5 HWP Q1/2 HWP Q1 HWP Q1 HWP 

 

 

Fig. 5. Polarization pattern results for different effective q-plate systems 
with q-values ranging from +2.5 to -2.5 in steps of 0.5. Input 
polarization is always linear vertical, and the analyzer is always linear 
oriented at 45º.  

5. CONCLUSIONS 
In conclusion, we have investigated approaches for adding, subtracting, 
or changing the sign of commercially available q-plates. The approach 
can be easily implemented in the lab since it only involves the 
combination of q-plates with half-wave plates. The experimental 
results clearly show the differences in terms of the charges, whether 
the charges are positive or negative, and the polarization state that is 
encoded. In our examples, we obtain ten combinations using only three 
devices. In general, using three devices with distinct q-values it is 
possible to obtain 27 combinations, or for an arbitrary number n of 
distinct q-valued plates it is possible to obtain 3n combinations. This 
allows experimental testing of higher or negative q-valued devices 
without incurring the expense. Consequently, we believe that these 
results will be of interest to the community. 
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